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Preface 



Smart materials and smart structures, often called as the intelligent structures 
forms a new rapidly growing interdisciplinary technology in the modern day 
world embracing the fields of materials, structures, mechatronics, sensor - 
actuator systems, information and signal processing, electronics, mathematics, 
control and are basically distributed parameter systems. 

A common feature in majority of the structures is the active vibration 
control problem, which has to be dealt with as it would lead to the degrada- 
tion of the structural performance if left uncontrolled. A modest attempt is 
made to reduce the structural vibrations in smart cantilever beam using var- 
ious control strategies and is presented in this monograph, which is entirely 
based on the authors work. Some of the developed control techniques are also 
experimentally verified. 

Much of the research work done in the area of smart structures so far is 
mainly concentrated in the modeling and control techniques, static and dy- 
namic analysis which make use of state feedback, output feedback principles, 
linear quadratic regulator, optimal control and PID based techniques, etc.,. 
Since most of these types of control techniques needs all the system states 
for feedback, which may not be available for measurement, they may suffer 
from the problem of real time implementation and some times need a state 
observer for control purposes. These drawbacks could be overcome by the use 
of multirate output feedback techniques (MROF). 

With the increasing use of computers and discrete-time samplers in con- 
troller implementation in the recent past, discrete-time systems and computer 
based control have become the topics that have a lot of potential in them. An 
MROF based control technique can be applied to almost all the systems which 
are controllable and observable, while at the same time being simple enough 
as not to tax the computers too much. 




VIII Preface 



State feedback algorithms can be converted into output feedback algo- 
rithms by the use of multirate output feedback sampling technique. Conse- 
quently, the MROF based control strategies has the advantages of both the 
state feedback and output feedback control philosophies. This has further 
opened up the field of multirate output feedback based discrete time sliding 
mode control of smart structures. 

The authors would like to express their deep sense of gratitude to their 
parents and teachers who have made them capable enough to write this book. 

The authors wish to place on record their hearty thanks to many of the 
individuals who had helped them directly or indirectly in completing this 
monograph. Notable among them being Prof. P. Seshu of Mechanical En- 
gineering Department, IIT Bombay, who had helped the authors by giving 
constructive suggestions in the preparation of some part of this monograph. 
The authors would like to thank Prof. P.S.V. Nataraj of Systems and Control 
Engg. Dept, for his cooperation during the preparation of this monograph. 

The authors would also like to thank a large number of people of various 
departments of Indian Institute of Technology Bombay, National Institute 
of Technology Tiruchirapalli, Indian Institute of Science Bangalore and vari- 
ous other organizations for their critical comments and stimulating technical 
discussions which the authors had with them during the preparation of this 
monograph and to bring out their work in a fine form. To name a few of them, 
Ezhil Arasi, G.Uma, Juhi, Dhuri and S.Janardhanan. 

Finally, the authors like to thank the entire team of springer publications 
for their cooperation and encouragement in bringing out the authors work in 
the form of a monograph in such a short span of time. 
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Introduction to Smart Structures 



The first Chapter of this monograph deals with a brief introduction to the the- 
ory and concepts of smart materials and structures, mathematical modeling 
and the active vibration control of smart structures. Some of the application 
fields of this emerging topic in the modern day world are also mentioned. 
Various types of control strategies are also presented in this context, which 
are used to suppress the vibrations of flexible beams and to make the struc- 
tures safe, reliable and from further damage. A brief survey on the research 
on smart structures done so far is also presented along with the authors con- 
tributions. Finally, the motivation that made us to venture into this smart 
structures field is presented at the end. 



1.1 Smart Materials and Structures — Theory and 
Concepts 

Smart materials and smart structures, often called as the intelligent structures 
forms a new rapidly growing interdisciplinary technology in the modern day 
world embracing the fields of materials, structures, sensor - actuator systems, 
information and signal processing, electronics and control [1]. These struc- 
tures involve the synergism of intelligent materials with embedded or surface 
mounted sensors whose information is collected, processed and controlled by a 
sophisticated controller, which controls the actuator to perform the corrective 
action. 

A smart structure is basically a distributed parameter system that employs 
sensors and actuators at different finite element locations on the beam and 
makes use of one or more microprocessors that analyze the responses obtained 
from the sensors and use different control logics to command the actuators to 
apply localized strains to the plant to respond in a desired fashion and bring 
the system to equilibrium. It has also got the capability to respond to the 
changes in the environment on the plant, whether internal or external such as 
load changes, temperature changes. Smart actuators are used to alter system 
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characteristics (such as stiffness or damping) as well as of the system response 
(such as strain or shape) in a controlled manner. 



Vibrations / 




Fig. 1.1. Block-diagrammatic view of a smart structure system 



One way of interpreting a smart structure system is as follows: It is a 
combination of sensing, processing, actuating, feedback, self-diagnosing and 
self-recovering sub-systems as shown in the Fig. 1.1. Sensors and actuators to- 
gether integrated into the structure is what is called a “Smart Structure” . The 
smart system uses the functional properties of advanced materials to achieve 
high performances with capabilities of recognition, discrimination and adjus- 
tification in response to a change of its environment. These structures are 
made up of sensors - which describe the physical state of their environment; 
actuators - which adapt to their environment ; a system or network - which 
handles the transfer of information and real-time computation. Each compo- 
nent of this system has certain functionality, and the entire sub-systems are 
integrated to perform a self-controlled smart action, similar to a living crea- 
ture who can “think”, make judgement and take actions on its own at the 
appropriate time. 

Thus, a smart structure [2] can be considered as a design philosophy that 
emphasizes predictivity, adaptivity and repetivity and are composed of ma- 
terials called as “smart materials” that can determine the present state of 
their structure, decide what is the most desirable state, and carry out an 
appropriate response in a controlled manner, thus saving the structure from 
damage. Thus, these smart materials have become an integral part or a sub- 
set of the smart structure. A couple of months back, scientists and researchers 
had demonstrated the further development of smart technology concept into 
the microscopic and nanoscopic levels by developing smart adaptive and in- 
telligent systems such as the microbots, nanobots, micro-cantilevers, micro 
motors etc.,. 

The development of smart materials will undoubtedly be an essential 
task in many fields of science and technology such as information science, 
microelectronics, computer science, medical treatment, life science, energy, 
transportation, safety engineering and military technologies. Advances in the 
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smart structure technology in the current scenario has thus provided a means 
for integrating sensors and actuators into the structure and make them self- 
adapting and self-controlling in various types of mechanical, flexible and rigid 
engineering structures such as in aerospace applications, civil engineering ap- 
plications, robotics, bio-technology, MEMS and NEMS. 

1.2 Active Vibration Control (AVC) 

Active vibration control is an important problem in structures. One of the 
ways to tackle this problem is to make the structure smart, intelligent, adap- 
tive and self-controlling by making use of one type of materials called as 
smart materials. The main objective of active vibration control is to reduce 
the vibration of a system by automatic modification of the system’s structural 
response and this process is shown in Fig. 1.2. In many situations, it is impor- 
tant to minimize these structural vibrations, as they may affect the stability 
and performance of the structures. This obviates the need to strengthen the 
structure from dynamic forces and disturbances in order to minimize the effect 
of vibrations and enables the development of lighter, often-cheaper structures 
exhibiting superior performance. Thus, the vibration control of any system 
is always a formidable challenge for any control system designer. Any AVC 
system consists of a plant, actuator, sensor and a controller. 




using destructive interference 



Fig. 1.2. Concept of reduction of vibrations using AVC 



The need for such intelligent structures called as smart structures [3] arises 
because of their high performances in numerous structural applications. Such 
intelligent structures incorporate smart materials called as actuators and sen- 
sors (based on Piezoelectrics, Magneto-Rheological Fluids, Piezo-ceramics, 
Electro-Rheological Fluids, Shape Memory Alloys, PVDF, Optical fibers, etc.) 
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that are integrated into the structure and have structural functionality, as well 
as highly integrated control logic, signal conditioning and power amplification 
electronics. These materials can be used to generate a secondary vibrational 
response in a mechanical system which has the potential to reduce the overall 
response of the system plant by the destructive interference with the original 
response of the system, caused by the primary source of vibration [4] . 

Piezoelectric materials can be used as sensors to detect the vibrations 
occurring because of the external disturbances on the system and actuators to 
suppress them and hence increase the reliability and longevity of the structure. 
These materials possesses the property of piezoelectricity, which describes the 
phenomenon of generating an electric charge in a material when subjected 
to a mechanical stress (direct effect) and conversely, generating a mechanical 
strain in response to an applied electric field. This property prepares the 
piezo materials to function as both sensors and actuators. The advantages 
of these materials include high efficiency, no moving parts, fast response and 
compact size. A commonly used piezoelectric is the lead zirconate titanate 
(PZT), which has a strong piezo-effect. PZT’s can be fabricated into different 
shapes to meet specific geometric requirements and are often integrated into 
the structures. The actuation strains can be of the order of 1000/r strain. With 
the linear range piezos, actuators can produce strains that are proportional 
to the applied electric field. These added features make them attractive for 
structural control applications like the active vibration control in beams. 

Active control of vibrations in flexible structures through the smart struc- 
ture concept is a developing area of research and has numerous applications, 
especially in the vibration control of structures (such as beams, plates, shells), 
in aerospace engineering, flexible robot manipulators, antennas, active noise 
control, shape control and in earthquakes [5]. AVC is critical especially in 
the field of aerospace applications because the flexible structures can undergo 
high-amplitude oscillations near their lower natural frequencies, thus damag- 
ing the structures. Research on smart structures is interdisciplinary because it 
involves materials, structural mechanics, electronics, signal processing, com- 
munication, mathematics and control. The goal of this multi-disciplinary re- 
search is to develop techniques to design, control, analyze and visualize opti- 
mal or near optimal smart and adaptive structures using smart materials. A 
specific area discussed in this monograph is particularly pertinent to the recent 
new research developments carried out by the authors in the field of model- 
ing, new control techniques and implementation of smart structures (flexible 
beams with integrated sensors and actuators) in the institute. 



1.3 A Brief Survey on Smart Structures Research 

Considerable interest is focused on the modeling, control and implementation 
of smart structures using Euler-Bernoulli beam theory and Timoshenko Beam 
theory with integrated piezoelectric layers in the recent past. The following 
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few paragraphs gives a deep insight into the research work done on the intel- 
ligent structures so far. Culshaw [3] discussed the concept of smart structure, 
its benefits and applications. Rao and Sunar explained the use of piezo mate- 
rials as sensors and actuators in sensing vibrations in their survey paper [6]. 
Hubbard and Baily [7] have studied the application of piezoelectric materials 
as sensor / actuator for flexible structures. Hanagud et.al. [8] developed a 
Finite Element Model (FEM) for a beam with many distributed piezoceramic 
sensors / actuators. 

Fanson et.al. [9] performed some experiments on a beam with piezoelectrics 
using positive position feedback. Balas [10] did extensive work on the feed- 
back control of flexible structures. Experimental evaluation of piezoelectric 
actuation for the control of vibrations in a cantilever beam was presented by 
Burdess and Fawcett [11]. Brenan et. al. [12] performed some experiments 
on the beam for different actuator technologies. Yang and Lee [13] studied 
the optimization of feedback gain in control system design for structures. 
They developed an analytical model for structural control in which both non- 
collocated sensor/actuator placement and feedback control gain were consid- 
ered as independent variables. Crawley and Luis [14] presented the develop- 
ment of piezoelectric sensor / actuator as elements of intelligent structures. 

Hwang and Park [15] presented a new finite element (FE) modeling tech- 
nique for flexible beams. Continuous time and discrete time algorithms were 
proposed to control a thin piezoelectric structure by Bona, et.al. [16] . Schiehlen 
and Sclronerstedt [17] reported the optimal control designs for the first few 
vibration modes of a cantilever beam using piezoelectric sensors / actuators. 
S. B. Choi et.al. [18] have shown a design of position tracking sliding mode 
control for a smart structure. Distributed controllers for flexible structures can 
be seen in Forouza Pourki [19]. A higher order sliding mode control technique 
for vibration suppression in flexible beams was presented by Bandyopadlryay 
and Axay [20]. Slriang Lee [21] devised a new form of control strategy for 
vibration control of smart structures using neural networks. 

A passivity-based control for smart structures was designed by Gosavi 
and Kelkar [22] . A self tuning active vibration control scheme in flexible beam 
structures was carried out by Toklri [23] . Active control of adaptive laminated 
structures with bonded piezoelectric sensors and actuators was investigated 
by Moita et. al. [24] . Ulrich et. al. [25] devised a optimal LQG control scheme 
to suppress the vibrations of a cantilever beam. Finite element simulation of 
smart structures using an optimal output feedback controller for vibration and 
noise control was performed by Young et. al. [26] . Work on vibration suppres- 
sion of flexible beams with bonded piezo-transducers using wave-absorbing 
controllers was done by Vukowich and Koma [27]. Apart from piezoelectric as 
sensor/ actuator, Anjanappa [28] developed an integrated model to analyze the 
vibration control of cantilever beams using magnetostrictive mini-actuators. 

Aldraihem et. al. [29] have developed a laminated beam model using two 
theories; namely, Euler-Bernoulli beam theory and Timoshenko beam theory. 
Abramovich [30] has presented analytical formulation and closed form solu- 
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tions of composite beams with piezoelectric actuators, which was based on 
Timoshenko beam theory. He also studied the effects of actuator location and 
number of patches on the actuator’s performance for various configurations of 
the piezo patches and boundary conditions under mechanical and / or electric 
loads. Using a higher-order shear deformation theory, Chandrasheklrara and 
Varadarajan [31] presented a finite element model of a composite beam to 
produce a desired deflection in beams with clamped-free, clamped-clamped 
and simply supported ends. 

Sun and Zhang [32] suggested the idea of exploiting the shear mode to 
create transverse deflection in sandwich structures. Here, he proved that em- 
bedded shear actuators offer many advantages over surface mounted extension 
actuators. Aldraihem and Khdeir [33] proposed analytical models and exact 
solutions for beams with shear and extension piezoelectric actuators and the 
models were based on Timoshenko beam theory and higher-order beam theory. 
Exact solutions were obtained by using the state-space approach. Doschner 
and Enzmann [34] designed a model-based controller for smart structures. 
Robust multivariable control of a double beam cantilever smart structure was 
implemented by Robin Scott et. al. [35]. 

In a more recent work, Zhang and Sun [36] formulated an analytical model 
of a sandwich beam with shear piezoelectric actuator that occupies the entire 
core. The model derivation was simplified by assuming that the face layers 
follow Euler-Bernoulli beam theory, whereas the core layer obeys Timoshenko 
beam theory. Furthermore, a closed form solution of the static deflection was 
presented for a cantilever beam. A new method of modeling and shape con- 
trol of composite beams with embedded piezoelectric actuators was proposed 
by Donthirecldy and Chandrashekara [37]. A model reference method of con- 
trolling the vibrations in flexible smart structures was shown by Murali et. 
al. [38] . Thomas and Abbas [39] explained some techniques of performing finite 
element methods for dynamic analysis of Timoshenko beams. 

A FEM approach was used by Benjeddou et. al. [40] to model a sand- 
wich beam with shear and extension piezoelectric elements. The finite ele- 
ment model employed the displacement field of Zhang and Sun [36]. It was 
shown that the finite element results agree quite well with the analytical 
results. Raja et. al. [41] extended the finite element model of Benjeddou’s 
research team to include a vibration control scheme. An improved 2-node 
Timoshenko beam model was presented by Kosmataka and Friedman [42]. 
Azulay and Abramovich [43] have presented analytical formulation and closed 
form solutions of composite beams with piezoelectric actuators. Stiffening ef- 
fects of smart composite piezo-laminated beams was studied by Waisman and 
Abramovich [44]. Abramovich and Lishvits [45] did extensive work on cross- 
ply beams to control the free vibrations. 
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1.4 Review of Beam Theories 

The study of physical systems such as beams frequently results in partial 
differential equations, which either cannot be solved analytically, or lack an 
exact analytic solution due to the complexity of the boundary conditions. For 
a realistic and detailed study, a numerical method must be used to solve the 
problem. The finite element method is often found to be the most adequate. 
Over the years, with the development of modern computers, the finite element 
method [46] has become one of the most important analysis tools in engineer- 
ing. A number of finite element tools such ANSYS, NASTRAN, FEMLAB 
are used to obtain the finite element model of a structure. Basically, the fi- 
nite element method consists of a piecewise application of classical variational 
methods to smaller and simpler sub-domains called finite elements connected 
to each other in a finite number of points called nodes. A precise mathematical 
model is required for the controller design for vibration control to predict the 
structure’s response. Two beam models [29] in common use in the structural 
mechanics are the Euler-Bernoulli beam model and the Timoshenko beam 
model, which are considered here below. 

1.4.1 Euler-Bernoulli Beam Theory 

The Euler-Bernoulli beam model often called as the classical beam model for 
plane beams rests on the following assumptions. 

(a) Planar symmetry : The longitudinal axis is straight and the cross section 
of the beam has a longitudinal plane of symmetry. The resultant of the 
transverse loads acting on each section lies on that plane. The support 
conditions are also symmetric about this plane. 

(b) Cross section variation : The cross section is either constant or varies 
smoothly. 

(c) Normality : The Euler-Bernoulli beam equation is based on the assump- 

tion that the plane cross section normal to the neutral axis before defor- 
mation remains normal to the neutral axis after deformation or bending. 
This assumption is valid if length to thickness ratio is large and for small 
deflection of beam. The total rotation will be due to the bending stress 
alone. This rotation 6 occurs about the y-axis and is the slope of the 
beam as shown in Fig. 1.3 and is the first derivative of deflection given 
by 9 = . However, if the length to thickness ratio is small, the plane 

cross section of the beam will not remain normal to the neutral axis after 
bending. 

(d) Strain energy : The internal strain energy of the member accounts only 
for the bending deformations and all other contributions such as the trans- 
verse shear and the axial forces are ignored. 

(e) Linearization : Transverse deflections, rotations and deformations are con- 
sidered so small that the assumptions of the infinitesimal deformations 
apply. 
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(f) Material model : The material is assumed to be elastic, slender thin and 

long. 

Crawley and Luis [14] have developed analytical models of beams with 
piezoelectric actuators. These models illustrate the mechanics of Euler - 
Bernoulli beams with surface mounted actuators and the analytical results 
have been verified by carrying out experiments. In practical situations, a large 
number of modes of vibrations contribute to the structure’s performance. Since 
the shear forces, axial displacement are neglected in Euler-Bernoulli theory, 
slightly inaccurate results may be obtained. 



e z (X) = 0(X) 




1.4.2 Timoshenko Beam Theory 

The Timoshenko beam model corrects the classical beam model by consid- 
ering the effects of the first-order transverse shear deformation and the axial 
displacements. Thus, the Timoshenko beam theory overcomes the drawbacks 
of the Euler-Bernoulli beam theory and the mathematical model obtained can 
be closer to an exact one. For isotropic beams, the next logical step beyond 
Euler-Bernoulli beam theory is the Timoshenko beam theory, in which there 
are 6 fundamental global deformations (bending and transverse shear in two 
directions, extension, and twist). 

In this model, a plane cross section of the beam normal to the beam axis 
before deformation does not remain normal to the beam axis any longer af- 
ter deformation because of the shear as shown in the Fig. 1.4. The deviation 
from normality is produced by a transverse shear that is assumed to be con- 
stant over the cross section. Thus, the Timoshenko beam model is superior to 
Euler-Bernoulli model in precisely predicting the beam response and assumes 
additional importance in beam dynamics and in controlling the vibrations. 
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The total slope of the beam <j>(x) consists of two parts, viz., one due to 
the bending rotation ^ and other due to the shear 7. The two generalized 
displacements are the transverse displacement w and the axial displacement 
u. Because of the transverse shear deformation, the total slope of the beam 
in the Timoshenko model is different from the slope ^ in the EB model. 
Instead, it is equal to ^ — 7, where 7 is the transverse shear strain. 

Extensive research in modeling of piezoelectric materials in building actu- 
ators and sensors for smart structures using Timoshenko theory was reported 
in the literature survey in the previous section. A new concept of finite ele- 
ment modeling of the flexible structures using Timoshenko beam theory with 
the inclusion of the shear related terms both in the piezo-patches as well as in 
the host structure is proposed for the first time and is being reported in this 
monograph. 



Plane c/s does not remain 




Fig. 1.4. Timoshenko beam model 



1.5 Mathematical Models for Smart Structures 

Mathematical modeling of any system is the art and craft of building a system 
of equations that is both sufficiently complex and simple to give real insight 
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into the situation. It brings together mathematicians and specialists in other 
fields to improve existing system, develop better ones or predict the behavior 
of a certain system and how the things will be in the future. With the advent 
of more powerful computers, modeling teams have been able to tackle more 
complex problems, develop more accurate models, get answers in less time, and 
reduce research and development costs. Finally, it is the process of creating 
a mathematical representation of some phenomenon in order to gain a better 
understanding of that phenomenon. 

It is a process that attempts to match observations with symbolic state- 
ments. During the process of building a mathematical model, the modeller 
will decide what factors are relevant to the problem and what factors can be 
de-emplrasizecl. Once a model has been developed and used to answer ques- 
tions, it should be critically examined and often modified to obtain a more 
accurate reflection of the observed reality of that phenomenon. Mathematical 
models of time dependent processes (dynamical systems) can be split into 2 
categories depending on how the time variable is to be treated. A continuous 
time mathematical model is based on a set of equations that are valid for any 
value of the time variable. A discrete time mathematical model is designed to 
provide information about the state of the physical system only at a selected 
set of distinct times. 

The solution of a CT mathematical model provides information about the 
physical phenomenon in the system at every time value, i.e., gives informa- 
tion about the parameters for a continuum of the values of the independent 
variable, whereas the solution of a DT mathematical model provides informa- 
tion about the physical system only at discrete instants of time. CT models 
have 2 advantages over DT models - they provide information at all times 
and more clearly show the qualitative effects that can be expected when a 
parameter or an input variable is changed. On the other hand, DT models 
have 2 advantages over CT models - they are less demanding with respect to 
skill level in algebra, trigonometry, calculus, differential equations, etc. and 
are better suited for digital implementation on a computer. The main advan- 
tage of mathematical modeling of systems (say, a structure) is, simulating the 
system off-line, observing its behavioral response and then using it to control 
in real time. 

For the control of these structures, a precise mathematical model is re- 
quired to start with. These mathematical models are further used to design 
a controller and put it in the feedback loop with the plant for its overall sat- 
isfactory performance. It is common to assume the availability of a model of 
the plant to be controlled, especially in the form of a differential equation or a 
system of differential equations (i.e., an input-output relation or the transfer 
function model or the state space model). The number of inputs and outputs 
or the number of states of a system can be regarded as parameters that are 
used to control the system. This approach works well for mechanical systems 
with a few DOF, keeping in mind that each DOF gives rise to 2 state variables, 
viz., displacement and velocity. A structural dynamic model or a finite ele- 
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ment model is obtained by the finite element discretization of a structure and 
then using the modern control theory, a state-space model of the structural 
system can be obtained. 

In this monograph, a precise finite element model of the flexible structure 
is obtained starting from the fundamental equations governing the system and 
this finite element model is further used to obtain a state-space model (CT and 
DT) by retaining the first few vibratory modes. Further, these continuous and 
the discrete state space models are used for the controller design for vibration 
suppression of flexible cantilever beams. 



1.6 Review of Control Techniques 

A brief review of various control techniques used for the active vibration con- 
trol (AVC) presented in this monograph is as follows. 

1.6.1 Multirate Output Feedback 

Much of the research work done in the area of smart structures is mainly 
concentrated in the field of modeling and control techniques such as state 
feedback, static output feedback with too many design restrictions have been 
used for controller design. The problem with these control techniques is that 
the state feedback controller needs the availability of the entire state vector or 
needs an estimator. The problem with the observer-based controllers is that 
the state feedback and state estimation cannot be separated in the face of 
uncertainty represented by a whole family of systems. 

However, it is known that though most of the practical systems are ob- 
servable, all the system states are seldom measurable. Therefore, the above 
mentioned control algorithms may not be implementable in many cases as 
some states are not available. Hence, it is desirable to go for an output feed- 
back design. The output of the system, however, is always a measurable quan- 
tity. Therefore, output feedback based control [47] algorithms are more prac- 
tical compared to state feedback-based algorithms. Considerable amount of 
research has been performed in the field of developing control laws using out- 
put feedback techniques (static and dynamic output feedback), which requires 
only the measurement of the system output. 

The static output feedback problem [48] is one of the most investigated 
problems in control theory and applications. One reason why the static out- 
put feedback has received so much attention is that it represents the simplest 
closed loop control that can be realized in practice. Another reason is that 
many problems consisting of synthesizing the dynamic controllers can be for- 
mulated as static output feedback problems involving augmented plants. 

In a recent survey by Syrmos et.al. [48], the authors say that the problem 
of static output feedback is still open and that the output feedback prob- 
lem may be NP-hard. The complete pole assignment and guaranteed closed 
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loop stability is still not obtained by using static output feedback. Hence, the 
desired control law should incorporate the simplicity of a static output feed- 
back [49], while at the same time assuring the stability [50] and performance 
obtained by a state feedback. 

So, if for an example, smart cantilever beam, in this case, has to be stabi- 
lized using only the output feedback (states may not be available for measure- 
ment), one can resort to multirate output feedback technique which is static in 
nature as well as guarantees the closed loop stability. It has been shown that 
closed loop stability and performance can be guaranteed by multirate output 
feedback technique if the system output or the control input is sampled at a 
rate faster than the other, a feature not assured by the static output feedback 
while retaining the structural simplicity of static output feedback. 

The former method of control being called as the fast output sampling 
(FOS) [51], [52] and the latter being called as the periodic output feedback 
(POF) [53], [54], [55]. A control can thus, be designed based on this multirate 
technique. This technique of designing the controller is termed as ‘Multi- 
rate Output Feedback (MROF) Technique’, which is nothing but sampling 
the control input and sensor output at different sampling rates. Further, this 
technique can also be combined with discrete sliding mode control to evolve 
a new type of control strategy called as the multirate output feedback based 
discrete-time sliding mode [56]. 

Hence, it can be found here that the state feedback based control laws 
of any structure may be realized by the use of multirate output feedback 
by representing the system states in terms of the past control inputs and 
multirate output samples. Another advantage of the MROF control technique 
is that it does not need all the system states for control and feedback purposes. 
One main feature of the MROF control technique that makes it attractive for 
robust controller design is the fact that a result similar to the above can be 
shown to hold good when the state feedback is applied simultaneously to a 
family of models representing different operating conditions of the plant. 

The multirate concept is also being extended to the design of controllers for 
active vibration control of flexible structures using discrete sliding mode con- 
trol algorithms. A multirate output feedback (POF and FOS) and multirate 
output feedback based sliding mode control philosophy can thus be applied 
to almost all the controllable and observable systems, while at the same time 
being simple enough as not to tax the computer too much. 



1.6.2 Periodic Output Feedback 

One of the effective methods of performing the multirate output feedback [57] 
is the periodic output feedback (POF). The problem of pole assignment by 
piecewise constant output feedback was studied by Chammas and Leondes 
[53], [54] for LTI systems with infrequent observations. They have shown that 
by the use of a periodically time- varying piecewise constant output feedback, 
the poles of the discrete time control system could be assigned arbitrarily 
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(within the natural restriction that they should be located symmetrically with 
respect to the real axis). 

Here, the value of the input at a particular moment depends on the out- 
put value at a time prior to this moment (namely at the beginning of the 
period). Since the feedback gains are piecewise constants, their method could 
easily be implemented and guarantees the closed loop stability. Such a control 
law can stabilize a much larger class of systems than the static output feed- 
back. Werner and his co-workers have successfully applied the periodic out- 
put feedback control method for the robust multivariable control of a turbo- 
generator [55]. In this monograph, the problem of POF control design and 
its numerous applications to active vibration control of smart structures is 
presented. 

1.6.3 Fast Output Sampling Feedback 

Another method of multirate output feedback (MROF) [57] is the fast output 
sampling feedback technique. The problem of fast output sampling was stud- 
ied by Werner and Furuta [51], [52] for linear time invariant systems. They 
have shown that the poles of the discrete time control system could be as- 
signed arbitrarily (within the natural restriction that they should be located 
symmetrically with respect to the real axis) using the fast output sampling 
technique provided the number of gain changes is not less than the system’s 
observability index. Since the feedback gains are piecewise constants, their 
method could easily be implemented. Such a control law can also stabilize 
a much larger class of systems. The problem is to find a FOS feedback gain 
that realizes the state feedback gain. In this monograph, the problem of FOS 
control design and its numerous applications to active vibration control of 
smart structures is also presented. 

1.6.4 Robust Decentralized Multirate Output Feedback 

The multirate output feedback (POF / FOS) concept is being extended to 
design a robust decentralized controller. In multirate output feedback, say, 
for the multimodel synthesis, the gain matrix is generally full. This results in 
the control input of each plant being a function of the output of all the plants. 
Robust decentralized multirate output feedback control can be achieved by 
making the off-diagonal elements of POF or the FOS gain matrices zero. 
So, the structure of this gain matrix is assumed as a diagonal one. With 
this structure of the robust decentralized gain matrix, the problem can be 
formulated in the framework of LMI and the desired matrices can be obtained. 
Now, it is evident that the control input of each model of the plant is a function 
of the output of that plant only and this makes the smart structure controller 
design using multirate output feedback method a robust decentralized one. In 
the context of smart structures, this robust decentralized controller concept 
is being presented in this monograph for the first time and is used for the 
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design of a fault tolerant controller and for a multimodel representation of 
multivariable systems. 

1.6.5 Model Order Reduction 

Smart structure systems are distributed parameter systems and in general 
these models are of higher order as it requires a large number of vibratory 
modes for its satisfactory performance. As a result of which the cost, size 
and complexity involved in controller design is also high. It is a common 
procedure to model it as a higher order system, then reduce it to a lower 
order by using model order reduction techniques, design a controller for the 
reduced order and then apply it to the higher order. A number of model order 
reduction techniques have been proposed by many researchers. To name a 
few, Marshall [58], Clridambara [59] and Malrapatra [60], Vittal Rao [61], 
Davison [62], etc.,. 

The principle of the model order reduction method is to neglect the eigen 
values of the original system that are farthest from the origin and retain only 
the dominant eigenvalues and hence dominant time constants of the original 
system in the reduced order model. This implies that the overall behaviour 
of the approximate system will be very similar to that of the original sys- 
tem. Many different methods have been developed to accomplish the purpose 
by estimating the ‘dominant’ part of the large system and finding a simpler 
(or reduced order) system representation that has its behaviour akin to the 
original system. 

One of the well-known techniques is based on dominant eigenvalue reten- 
tion method based on the Davison technique [61], [62]. By this method, a 
system of higher order can be numerically approximated to one of smaller 
order. The method suggests that a large (n x n) system can be reduced to 
a simpler (r x r) model by considering the effects of the r most dominant 
(dominant in the sense of being closest to the instability) eigenvalues alone 
where r being < n. 

In this monograph, a higher order state space model is developed by con- 
sidering more number of vibratory modes for the smart beam and a reduced 
order model is obtained using the method of Davison. These developed re- 
duced order models are used for the design of robust decentralized controller 
for the multimodel representation of the multivariable systems of the smart 
structure using MROF via reduced order model in order to suppress the trans- 
verse vibrations in the smart structure. 

1.6.6 Sliding Mode Control 

Discrete-time multirate output feedback based sliding mode control proposed 
in [56] can be used as one of the efficient methods of controlling the vibrations 
of flexible structures. Here, follows a small insight into the design problem. 
The theory of sliding model control (SMC) is based on the concept of varying 




1.6 Review of Control Techniques 



15 



the structure of the controller by changing the state of the system in order to 
obtain a desired response [63]. Generally, a switching control action is used 
to switch between different structures and the system state is forced to move 
along the chosen manifold, called the switching manifold [64] which determines 
the closed loop system behavior [65] , [66] . 

With the increasing use of computers and discrete-time samplers in the 
design and implementation of controllers now-a-days, the discrete-time sys- 
tems and the computer based control have become current topics of research. 
In the recent past, considerable efforts have been put into studying the con- 
cepts of Digital Sliding Mode (DSM) controller design [67], [68], [69]. In the 
case of DSM design, the control input is applicable only at certain sampling 
instants and the control effort remains constant over the entire sampling pe- 
riod. Moreover, when the states reach the switching surface, the subsequent 
control would be unable to keep the states confined to the surface. 

As a result, DSM can undergo only quasi-sliding mode, i.e., the system 
states would approach the sliding surface but would generally be unable to 
stay on it. Thus, in general, DSM does not possess the invariance property 
found in continuous-time sliding mode. Gao [69] has introduced a new “reach- 
ing law approach” to design the controller for a discrete-time system using 
state feedback. This reaching law ensures that the system trajectory will hit 
the switching manifold and thereafter will undergo a zigzag motion about 
the switching manifold. The magnitude of each successive zigzagging step de- 
creases so that the trajectory stays within a specified band called the quasi- 
sliding mode band (QSMB). 

However, many of the sliding mode control strategies require full-state 
feedback. But, in practice, all the states of the system are not always available 
for measurement. But, it is of common knowledge that only the system output 
is available. More often than not, the system output is not coincident with the 
system state. Since the system output is always available for measurement, 
output feedback [47] can be used for controller design and this lead us to the 
requirement of the output feedback based sliding mode control strategy. 

In this context, two discrete time sliding mode control strategies [56], [70] 
is explored in this monograph. 

• Bandyopadhyay et. al. [70] proposed a discrete time sliding mode control 
strategy that makes the use of a switching function in the control, resulting 
in a quasi sliding mode. This DTSM control concept is used to control the 
vibrations of the smart structures. 

• The multirate discrete-time output feedback sliding mode control algo- 
rithm proposed in [56] and based on Bartoszewicz’s control law [71] and 
MROF technique [52] is also used to control the flexural vibrations of the 
smart structure. Moreover, this law avoids the switching function present 
in other sliding mode control algorithms and thus avoids chatter [69]. 

Here, the disturbance is the external force signal, which is applied to the 
cantilever beam at its free end. The above two algorithms has the advantage 
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that it does not require the state information for control purposes as it makes 
use of only the output samples for designing the controller. The control input 
is deduced using past output samples and the immediate past input signal 
alone instead of the system states. Hence, it is more practical and easy to 
implement. 



1.7 Contributions of the Monograph 

A brief look into the smart structures, its concepts, its active involvement in 
the vibration control, its applications and the extensive research work done 
on it so far was provided in the previous sections. The contributory chapters 
of the research monograph presented by the authors are summarized in the 
following manner as 5 chapters. 



1.7.1 Modeling of Smart Structures 

The modeling of flexible beams using two types of beam theories, viz., the 
Euler-Bernoulli theory and the Timoshenko beam theory is presented in the 
second chapter of this monograph. 

Using the FEM and state space techniques, the finite element model and 
the state space model of the beam is arrived at, which is used for the con- 
troller design. The sensor-actuator dynamics is also included in this context 
while obtaining the model. Two separate cases are dealt with. One is the 
SISO case and the other is the MIMO case. In both the cases, the piezoelec- 
tric patches are bonded to the master structure as surface mounted sensor / 
actuators (beam is sandwiched between top and bottom piezoelectric layers) 
or as embedded sensor / actuators (piezoelectric patches, i.e., shear sensors 
/ actuators are sandwiched in between two beam layers) at different finite 
element locations along the length of the beam. 

Either one sensor-actuator pair at a time or multiple sensor-actuator pairs 
being active at a time has been considered. The piezos are bonded to the 
beam either as collocated pairs or as non-collocated pairs (only for embedded 
case). The first few dominant vibratory modes are considered in the design 
(say, 2, 3, 4, 5 or 6). 

In the SISO case, 

(a) The entire structure is modeled in state space form by dividing the struc- 
ture into 3, 4, 5 finite elements, thus giving rise to three types of systems, 
viz., system 1 (beam divided into 3 finite elements), system 2 (4 finite el- 
ements) and system 3 (5 finite elements). A pair of piezo-patch is bonded 
to the beam only at one finite element location as surface mounted sensor- 
actuator pair, thus giving rise to one sensor output and one actuator input. 
The sensor actuator pair is moved from the fixed end to the free end, thus 
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giving rise to many SISO models of the same smart structure plant and 
which is being proposed in [72], [73]. The importance in considering such 
models are that, it allows to have redundancy in sensor / actuator loca- 
tions on the smart structure systems. It allows to study the role of sensor / 
actuator mass and stiffness in the system characteristics and the position 
of the piezo pair in the beam dynamics. 

(b) State space models are also developed for various aspect ratios of the 
beam by dividing it into 4 finite elements and placing the piezo pair at 
the nearby fixed end. [74]. 

(c) Single input single output state space models are also obtained for the 
embedded case by dividing the beam into 5 finite elements. The actuator 
is placed at the first location and the sensor is moved from the second 
position to the free end, thus giving rise to 4 SISO models [75], [76]. 

In the MIMO case, 

(d) The cantilever beam is divided into a number of finite elements viz., 4. 
The piezoelectric sensor / actuator is bonded to the smart structure at 
finite element positions numbering 2 and 4. Thus, a multivariable system 
with 2 actuator inputs and 2 sensor outputs is obtained. By making two 
piezoelectric elements as active sensor / actuator at a time and by making 
other elements as regular beam elements, state space model of the MIMO 
system is obtained and is proposed in [77], [78]. 

(e) For the above case, 5 such multivariable models are obtained by vary- 
ing the thickness parameter of the aluminum beam, thus giving rise to a 
multimodel smart structure system by retaining the first 6 modes of vi- 
bration. Using model order reduction technique, the reduced order model 
of the higher order system is obtained based on the dominant eigen value 
retention and the method of Davison [79], [80]. 

(f) The entire structure is modeled in state space form by dividing the mas- 
ter structure into 8 finite elements and placing the piezoelectric sensor / 
actuator as collocated pairs at finite element positions 2, 4, 6 and 8. Thus, 
a MIMO model with 4 actuator inputs and 4 sensor outputs is obtained 
and proposed in [81], [82], [83], [84]. 

(g) For the embedded case, the state space model is obtained by dividing the 
composite beam into 8 finite elements and placing the sensors at positions 
6 and 8, actuators at 2 and 4. Thus, a multivariable system with 2 actuator 
inputs and 2 sensor outputs is obtained [85] . 

The multirate output feedback based control design techniques (the peri- 
odic output feedback, fast output sampling feedback, multirate output feed- 
back based discrete sliding mode control) have been applied for the first time 
in several smart structure models discussed in (a)-(g) and is presented in the 
subsequent chapters of this monograph. 
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1.7.2 Design of POF Controllers 

The third Chapter deals with the design of the periodic output feedback con- 
trol system for smart structure systems. 

When an external force input (impulse disturbance or sinusoidal distur- 
bance) is applied to the free end of the beam, it is subjected to vibrations. 
These vibrations should be suppressed quickly. Periodic output feedback con- 
trollers are designed [72], [75], [86], [87] and applied to control the first few 
vibration modes of the smart cantilever beam for the various developed SISO 
state space models (a)-(c) in Chapter 2. Simulations are performed in Mat- 
lab. The open loop responses, closed loop responses with the output injection 
gain, closed loop responses with the POF gain, the control effort required to 
suppress the vibrations and the tip displacements are observed. 

The performance of the smart system is evaluated for active vibration 
control. Responses of the system are also observed without the controller 
and are compared with the controller to show the control effect. The effect 
of placing the sensor / actuator at various locations along the length of the 
beam for all the types of systems shown in (a)-(c) in Chapter 2 is observed. 
The conclusions are drawn for the best performance (best model) and for the 
smallest magnitude of the control input required to control the vibrations of 
the beam. Through the simulation results, it is shown that when the plant 
is placed with this designed POF controller, the plant performs well and the 
vibrations are damped out quickly with the introduction of the controller. 

POF controllers are also designed [77], [78], [85] for the multivariable mod- 
els shown in (d) and (g) of Chapter 2. It is observed that modeling a smart 
structure by including the sensor / actuator mass and stiffness and by plac- 
ing the sensor / actuator at 2 different positions introduces a considerable 
change in the structural vibration characteristics than placing the sensor / 
actuator pair at only one location. MIMO dynamic analysis is able to identify 
pairs of modes that occur at nearly identical frequencies. There is multiple 
interactions of the input and the output which will make the vibrations to be 
damped out faster. 

For the multivariable case, it is observed that when the pair is kept at 
2 different locations, the closed loop responses of the MIMO system is less 
oscillatory compared to the single input single output case. MIMO excitation 
is better than SISO excitation as only exciting at a single point may cause 
poor distribution of input energy throughout the structure and may result in 
somewhat slightly disturbed frequency responses. A multi input test provides 
better energy distribution and even better actuation forces. 

Further, the design of a robust decentralized controller for the beam model 
(f) in Chapter 2 using POF control technique when there is a failure of a 
system component to function (say, an actuator) is discussed. 4 multivariable 
models of the same plant are obtained by considering one actuator failure 
at a time. The effect of failure of one of the piezo patches on the system is 
observed. In the designed control law, the control inputs to each actuator of 
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the multimodel system is a function of the output of the corresponding sensor 
only and the gain matrix has got all off-diagonal terms zero. This makes the 
POF control technique a robust decentralized one. 

It is also observed that when any one of the actuators fails to function, even 
then the controller stabilizes all the 4 models. [81], [82]. This Chapter also gives 
an insight into the design of a Robust Decentralized Periodic Output Feedback 
(R.DPOF) controller for the multivariable smart structure using the various 
models of the single plant (shown in (e) in Chapter 2) via the reduced order 
modeling [88] , [89] . Simulations are done in Matlab and the various responses 
are obtained for the designed state space based FE model of the smart flexible 
cantilever beam. In the control law, the control input to each actuator of the 
multivariable plant is a function of the output of the corresponding sensor 
only and the gain matrix has got all off-diagonal elements zero. This makes 
the POF control technique a robust decentralized one. This would render 
better control and is more feasible. 

The robust decentralized POF controller designed by the above method 
requires only constant gains. The computation of the output injection gain, 
which is needed to obtain the decentralized POF based smart structure sys- 
tem, becomes very tedious when the number of modes, especially greater than 
5 are considered. Here, a output injection gain is computed from the reduced 
order model of the smart system and using the aggregation techniques, a out- 
put injection gain can be obtained for the higher order (actual) model. The 
R.DPOF feedback gain, which realizes this output injection gain, can be ob- 
tained for the actual model. It is found that the designed robust controller via 
the reduced order model provides good damping enhancement for the models 
of the smart structure system. 

1.7.3 Design of FOS Controllers 

The design of the FOS controllers for active vibration control is presented 
in the fourth chapter. Fast output sampling feedback controllers are de- 
signed [76], [90], [91], [92] and applied to control the first few vibration modes 
of the smart cantilever beam for the various developed SISO state space mod- 
els (a) - (c) of Chapter 2. Simulations are performed in Matlab. The open 
loop responses, closed loop responses with the state feedback gain, closed 
loop responses with the FOS gain, the control effort required to suppress the 
vibrations and the tip displacements are also observed. 

The performance of the smart system is evaluated for active vibration 
control. Responses of the system are also observed without the controller 
and are compared with the controller to show the control effect. The effect 
of placing the sensor / actuator at various locations along the length of the 
beam for all the types of systems shown in (a) - (c) in Chapter 2 is observed. 
The conclusions are drawn for the best performance (best model) and for the 
smallest magnitude of the control input required to control the vibrations of 
the beam. Through the simulation results, it is shown that when the plant 
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is placed with this designed FOS controller, the plant performs well and the 
vibrations are damped out quickly with the introduction of the FOS controller. 

FOS controllers are also designed and proposed in [93] for the multivari- 
able models shown in (d) and (g) in Chapter 2. It is observed that modeling 
a smart structure by including the sensor / actuator mass and stiffness and 
by placing the sensor / actuator at two different positions introduces a con- 
siderable change in the structural vibration characteristics than placing the 
sensor / actuator pair at only one location. 

As in the case of POF, the FOS feedback control technique is also used to 
design a robust decentralized fault tolerant controller [83], [84] for the multi- 
model system (f) in the event of an actuator failure. Further, the decentralized 
FOS feedback controller concept is extended to design a robust controller for 
a multimodel representation of a family of multivariable plants in (e) using 
the model order reduction techniques [79], [88], [89]. 

1.7.4 Design of DSM Controllers 

Design of Discrete Sliding Mode controllers using multirate output feedback 
technique [56], [70] is presented in the fifth Chapter of this monograph. Two 
different methods of DTSMC have been used in this application. One which 
does not use the switching function and the other which uses a switching func- 
tion. Discrete sliding mode control algorithm using multirate output feedback 
which used switching function in the control law is designed [94], [95] for SISO 
state space models in (a) and MIMO models [96] shown in (d) of Chapter 2. 
An external force input is applied at the free end of the beams. There are two 
inputs to the plant. One is the external force input, which is considered as 
the disturbance. The other input is the control input to the actuator from the 
controller. The performance of the system is evaluated with the controller in 
the feedback loop. 

In the work considered, the plot of the time derivative of the displacement, 
i.e., the sensor outputs as a function of time, the magnitude of the control 
inputs w.r.t. time and the sliding function w.r.t. time are observed. It is ob- 
served that modeling a smart structure by including the sensor / actuator 
mass and stiffness and by placing the sensor / actuator at different positions 
along the length of the beam introduces a considerable change in the struc- 
tural vibration characteristics both for SISO as well as for MIMO systems. 
Another application of the discrete sliding mode control using output sam- 
ples [91] which does not make use of a switching function in the control law 
is designed for a flexible structure for a SISO case [97] in (a) and for a MIMO 
case in (d). The conclusions are finally drawn. 

1.7.5 Implementation of the Designed Controllers 

The last Chapter of this monograph depicts the experimental evaluation (im- 
plementation) of some of the developed control algorithms using dSPACE 
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and Real Time Workshop. A flexible aluminum beam of suitable dimensions 
is considered. POF and FOS simulations are performed for this experimental 
beam considered starting from the first principles in the subsequent Chapters. 
At the end, the experimental evaluation is performed. A system identification 
of the experimental beam is performed first. The experimental state space 
model is obtained next which is used for the controller design. 

The beam is excited at its natural frequency using a disturbing piezo- 
actuator placed at the free end of the beam. Two piezo-patches are bonded as 
surface mounted sensor / actuator nearby the root of the beam. The bottom 
one acts as the sensor, while the top one acts as the actuator. The sensor 
output is given as input to the piezo sensing system, which consists of high 
quality charge to voltage converting signal conditioning amplifier with variable 
gain. The conditioned sensor output signal is given as analog input to dSPACE 
1104 controller board through its ADC channel. The sensor output is sampled 
at a particular sampling rate and given as input to the POF / FOS controller. 

The output of the controller, i.e., the control signal is updated and applied 
to the control actuator at a particular sampling interval through the DAC port 
of dSPACE 1104 system and the piezo actuation system. The control algo- 
rithm is developed using simulink software of MATLAB and implemented in 
real time on dSPACE 1104 system using RTW and dSPACE real time inter- 
face tools. The simulink software is used to build control block diagrams and 
real time workshop is used to generate C code from the simulink model. The 
C code is then converted to target specific code by RTI and target language 
compiler supported by dSPACE 1104. 

This target code is then deployed on to the rapid prototype hardware 
system to run the Hardware In Loop Simulation (HILS). The excitation signal, 
open loop response, closed loop response with POF / FOS control and control 
signal acquired from dSPACE control desk are observed in real time. The 
control is switched on after a certain time and the decay of vibrations is 
observed. Their FFT’s are also observed using a Tektronix oscilloscope from 
which the reduction in the vibrations can be observed. The results of the 
simulations and the experimental results are compared. The experimental 
study demonstrated good closed loop performance and the simplicity of the 
multirate output feedback controllers. 



1.8 Motivation for Modeling and Control of 
Smart Structures 

The advent of computers and sophisticated signal processing electronics in the 
modern day world has made the use of DT system representation of the plant 
more suitable for design of controllers than its CT counterpart. Much of the re- 
search work done in the area of smart structures so far is mainly concentrated 
in the modeling and control techniques, static and dynamic analysis which 
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make use of state feedback, output feedback principles, linear quadratic reg- 
ulator, optimal feedback and PID based techniques, etc.,. Since most of these 
type of control techniques may need all the states for feedback, which may not 
be available for measurement, they may suffer from the problem of real time 
implementation and some times need a state observer for control purposes. 
These drawbacks could be rectified by the use of MROF. 

An MROF based control technique can be applied to almost all the systems 
which are controllable and observable, while at the same time being simple 
enough as not to tax the computers too much. State feedback algorithms 
can be converted into output feedback algorithms by the use of multirate 
output feedback sampling. Consequently, the MROF based control strategies 
has the advantages of both the state feedback and output feedback control 
philosophies. In MROF based DSMC, the main motivation for carrying out 
the work was to develop control strategies for vibration suppression of flexible 
structures with and without the use of switching function in the control law. 
We found the answer in the synergy of the multirate output sampling concept 
and hence, the end result, “ Modeling, Control and Implementation of Smart. 
Structures " , which was the motivation of this monograph. 

This monograph is based on the authors work on the multirate output sam- 
pling techniques (FOS and POF) and the multirate output feedback based 
discrete-time sliding mode control of cantilever beams. The resultant con- 
trollers would be output feedback based, thus being more practical than the 
more prevalent state feedback based approaches of controls. 
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Modeling of Smart Structures 



The modeling of smart cantilever beams using two types of beam theories, 
viz., the Euler-Bernoulli beam theory and the Timoshenko beam theory is 
presented in this chapter. While the former method is discussed in Section 
2.1, the latter method is discussed in Section 2.2. 

2.1 Modeling of Smart Structures Using Euler-Bernoulli 
Beam Theory 

Low frequency structural noise and vibration is a persistent problem in a 
variety of light weight flexible structures such as flexible manipulators, flexi- 
ble cantilever beams, aircrafts and space structures. These structures are, in 
general, distributed and flexible in nature. Attractive fields of application are 
slender structures with low natural damping like the beams. Beam structures 
form a basis for lot of mechanical structures. The use of the active vibration 
suppression can improve the dynamic performance of these structures like the 
wings of an airplane or the blades of turbine or helicopter or a jet engine. 

Structures with integrated self-monitoring and control capabilities to sup- 
press unwanted vibrations are becoming increasingly practical due to the 
rapid development of one type of materials called as smart materials (PZT, 
ER Fluids, MR Fluids, SMA, PVDF, optic fibres). Such structures incor- 
porating these smart materials for intelligent control purposes are called as 
smart structures. For the control of these structures, a precise mathematical 
model is required to start with. These mathematical models are further used 
to design a controller and put it in the feedback loop with the plant for its 
overall satisfactory performance. 

In this Section, the mathematical modeling of beams as SISO and MIMO 
systems based on Euler-Bernoulli beam theory is presented. The first few 
vibratory modes are retained (say, 2 or 3 ... or 6) in modeling the beam. The 
concepts of finite element theory, state space techniques and the piezoelectric 
theory are used in this context. This is followed by the multi-model concepts 
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and the modeling of the Euler-Bernoulli beams by considering more number of 
modes, thus obtaining a higher order system. The higher order model is then 
reduced to a lower order one by retaining the dominant modes of vibration 
and neglecting the fast modes. Conclusions are finally drawn regarding the 
proposed models. 



2.1.1 Modeling of Smart Beams as SISO Systems for 2 and 3 
Vibratory Modes 

Consider a flexible aluminium cantilever beam as shown in Fig. 2.1(a) bonded 
with surface mounted piezoelectric sensor and actuator at a discrete location 
along the length of the beam (say, at the fixed end) as shown in Fig. 2.1(b). 
The physical properties of the flexible cantilever beam element and the piezo- 
electric element are given in Table 2.1, where Lb represents the length of the 
beam as shown in Fig. 2.2, lb represents the length of the beam element which 
is also equal to l p and l p represents the length of the piezoelectric patch (sensor 
or actuator). 



Table 2.1. Properties of the flexible cantilever (aluminium beam) and the piezo- 
electric element when beam is divided into 4 finite elements 



Physical 

parameters 


Cantilever 

beam 


Piezoelectric (PZT) 
sensor / actuator 


Length 


Lb = 0.3 m 


l p = 0.075 m 


Width 


b = 0.03 m 


b = 0.03 m 


Thickness 


tb = 0.5 mm 


t a = t s = 0.35mm 


Density 


pb = 8030 Kg/m 3 


p P = 7700 Kg/m 3 


Young’s Modulus 


E b = 193.06 GPa 


Ep = 68 GPa 


Damping Constants 
used in C* 


a = 0.001, 
/ 3 = 0.0001 




PZT Strain Constant 




d 3 1 = 125 x 10 ~ 12 m/V 


PZT Stress Constant 




g 3 i = 10.5 x 10 -^VmN- 1 



An external force input f ext (impulse or sinusoidal disturbance) is applied 
at the free end of the smart beam as shown in Fig. 2.1(a). The beam is thus 
subjected to vibrations. These vibrations which are suppressed quickly in no 
time by the closed loop action of the sensor, controller and the actuator, would 
have taken a longer time to damp out without the controller. Thus, there are 
two inputs to the plant. One is the external force input f ext and other is the 
control input u to the actuator from the controller [98]. 
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(a) A aluminum beam element 




(b) A piezoelectric beam element 




(c) PE beam element subjected to 
bending moments due to the applica- 
tion of external force at free end 

Fig. 2.1. A flexible aluminum cantilever beam element and a smart beam element 




1 : Regular beam element 
4 : Piezoelectric beam element 



Fig. 2.2. A flexible beam divided into 4 finite elements 
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In order to develop the mathematical model of the smart beam, we first 
start with the modelling of the regular beam element and the piezoelectric 
beam element for a 2 node finite beam element as shown in Figs. 2.1(a) or (b) 
and in Fig. 2.2. The flexible beam is divided into a number of finite elements 
(say, 4) as shown in Fig. 2.2. The piezoelectric element is bonded on one 
of the section of the host surface as shown in Fig. 2.2, thus giving rise to 
a smart beam. The smart cantilever beam model is then developed using a 
piezoelectric beam element, which includes sensor and actuator dynamics and 
a regular beam element which is modeled using Euler-Bernoulli theory and 
the Finite Element Method (FEM). The piezoelectric beam element is used 
to model the regions where the piezoelectric is bonded as sensor/ actuator and 
the rest of the structure is modeled by the regular beam elements. In modeling 
and analysis of cantilever beams, the following assumptions are made. 

• The mass and stiffness of the bonding or the adhesive between the master 
structure and the sensor / actuator pair is neglected, i.e., the adhesive 
used in between the beam and the sensor /actuator has been assumed to 
add no mass or stiffness to the structure. 

• The signal conditioning device gain G c is assumed as 100. 

• The cable capacitance between the sensor / actuator and the signal con- 
ditioning device have been considered negligible and temperature effects 
have been neglected. 

• The beam element is supposed to have 2 degrees of freedom (DOF) at each 
node, viz., a transverse deflection w at the node and an angle of rotation 
or slope 6 at the node, which are called as the nodal variables. 

• Corresponding to the two DOF, a bending moment acts at each nodal 
point. 

• The beam element has constant moment of inertia, modulus of elasticity, 
mass density and length. 



2. 1.1.1 Displacement Function w(x,t) 



When an external force acts on the beam as shown in Figs. 2.1(a) or in 
2.2, there is a transverse displacement w as well as bending moments Mi, 
M 2 occurring at the node 1 (fixed end) and node 2 of the beam element 
respectively as shown in Fig. 2.1(b). The displacement function w(x, t) is used 
to study the deflection behavior of the flexible cantilever beam element. The 
forced vibration characteristics of a flexible beam element [99] is governed by 
the following fourth order partial differential equation 



2 d 4 w(x,t ) d 2 w{x 1 t) r 
c dx 4 + dt 2 = exU 



(2.1) 



where w is the transverse displacement of the beam and is a function of x 
and t, x being the distance of the local coordinate from the fixed end, t being 

the time and c is a constant which is given by J E, I, p , A , f ext are the 
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young’s modulus, moment of inertia, mass density, area of the beam element 
and the externally applied pressure loading at the tip of the beam respectively. 
Note that for free vibrations, i ex t = 0. 

When the beam vibrates by the application of an external force (impulse 
or sinusoidal force) as shown in Fig. 2.2, it undergoes to and fro motions. It 
has transverse displacements and so all positions vary with time and therefore, 
the system has velocities and accelerations. The first term in the governing 
differential equation of the beam in Eq. (2.1) refers to the rate of loading, 
where as the second term refers to the inertia force, which is nothing but 
mass times acceleration, i.e. , the equation of motion involves a fourth order 
derivative of w(x, t) w.r.t. x and a second order derivative of w{ x, t ) w.r.t. time 
(acceleration). The solution of the Eq. (2.1) is assumed as a cubic polynomial 
function of x and is given by 

w(x, t) = a\ + a^x + a^x 2 + a^x 3 , ( 2 - 2 ) 



where w(x, t ) is the displacement function which satisfies the fourth order 
partial differential equation (2.1). The constants ai to a 4 are obtained by 
using the boundary conditions given below at both the nodal points (node 
1 and node 2 of the beam element). The Euler-Bernoulli beam equation is 
based on the assumption that the plane normal to the neutral axis before 
deformation remains normal to the neutral axis after the deformation. This 
assumption denotes that the slope 6 = ^ is the first spatial derivative of 
the deflection w w.r.t x. Because there are 4 nodal variables for each beam 
element, we have assumed a cubic polynomial for w(x, t) as shown in Eq. (2.2). 
At x = 0 (fixed end), 



w(x, t) = W\ — a\ and w (x, t) 



div 

dx 



= a 2 = 0i 



(2.3) 



and at x = lb (free end), 



w(x, t) = W 2 and w'(x, t) 



dw 

dx 



72 , 



(2.4) 



where wi , Q\ and , O 2 are the degrees of freedom at node 1 and node 2 
respectively and h, is the length of the regular beam element. Note that the 
degrees of freedom at the fixed end of any beam is zero (say, Fig. 2.1(a) or 
Fig. 2.2). Application of the boundary conditions from Eqs. (2.3) and (2.4) in 
Eq. (2.2) yields 



ai 




O 

O 

O 

co-o 




W\ 


a 2 


1 


0 1 % 0 0 




Oi 


03 


~ i 3 

L b 


- 3 l b - 2 1 \ 3 l b -l 2 




W 2 


(14 




_ 2 lb — 2 lb 




1 

<N 

1 



Substituting the constants obtained from Eq. (2.5) into Eq. (2.2) and by 
rearranging the terms, the final form of w(x, t) is obtained as 
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[w(x,t)\ = [fi(x) f 2 (x) f 3 (x) U(x)] =[n T ][q], (2.6) 



where [n] gives the shape functions fi{x) to fi(x) of the beam element as 

rftii ri-3^ + 2#- 
Jl{x) b b 

fo br-1 X — 2 4- + 



ox 2 ax 3 



The first, second spatial derivative of [n] and its time derivative is given in 
Appendix IV. The vector q is called as the vector of displacements and slopes 
(nodal displacement vector) and is given by 



"AO)" 




h(x) 




f3(x) 




_U(x)_ 





The first, second spatial derivatives and the time derivative of the dis- 
placement function in (2.2) are given by the equations 



[w'(x,t)] = — =[f{(x) f' 2 {x) f 3 (x) f' A {x)\ = [n^] [qj , (2.9) 



= f''(x) f''(x) fi{x)] ^ =[nf][q], (2.10) 



[w(x,t)]= -^ = [f x (x) f 2 (x) f 3 (x) U(x)] =[nj][q], (2.11) 



2. 1.1. 2 Regular Beam Element 

The strain energy ( U ) and the kinetic energy (T) of the beam element with 
uniform cross section in bending is obtained as 
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u T n 

w w (x,t)\dx, 



w(z :,f)] T w(x, <)] dt, 



where p b is the mass density of the beam material, Ab is the cross sectional 
area of the beam element, lb is the moment of inertia of the beam element, lb 
is the length of the beam element and Eb is the modulus of elasticity (Young’s 
moudulus) of the beam material. The equation of motion of a regular 2 node 
beam element is obtained by using Eqs. (2.12) and (2.13) in the Lagrange’s 
equation 

d \dT] \dU] rr7 , 

dt [Wi\ + [Wi\ ( ‘ } 



M b q+K b q = f b (t), (2.15) 

where q is the acceleration vector, Zi is the vector of forces and moments, 
M b , K b and f 6 are the elemental mass matrix and stiffness matrix of size 
(4 x 4) and the force vector of size (4 x 1) respectively. The elemental mass 
and stiffness matrices are obtained as 



[M b ] = p b A b J [nf ] 1 [nf] dx, 

h 

[• M ij\ = PbA b J fi{x)fj(x)dx, 
h 

[K b ] = E b I b J [nf] T [nf] dx, 



[Kij] = E b I b J fi (x)f j (x)dx, (2.19) 

lb 

where i, j = 1 to 4. The resulting equation of motion for the regular beam 
element in its explicit form is obtained after simplifying the Eq. (2.15) further 
as 

' 156 22 l b 54 -13^1 |W 
PbA b l b 22 l b 134 -3 l 2 h 6\ 

420 54 13 l b 156 -224 w 2 

-134-3^-224 Ml \ [ d 2 _ 

' 12 Hi 6/l b - 12 HI 6/h ] M [F! ' 

E b I b 6/h 4 -6/4 2 0i Ah 

l b — 12/4 2 — 6/4 12 / 4 2 -6/4 w 2 ~ F 2 ’ 

6/4 2 -6/4 4 J [e 2 \ [M 2 



( 2 . 20 ) 
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where F\, F 2 and Mi, M 2 are the forces and bending moments acting at the 
nodes 1 and node 2 of the beam element in Fig. 2.1(b). 

2. 1.1. 3 Piezoelectric Element and Piezoelectric Beam Element 

Piezoelectric elements can be used as sensors and actuators in flexible struc- 
tures for sensing and actuating purposes on the host structure. The dimensions 
of the piezoelectric patch are given in Table 2.1. The element is assumed to 
have 2 structural DOF at each nodal point which are, a transverse deflection, 
an angle of rotation or slope and an electrical Degree of Freedom (DOF) as 
the voltage. Since the voltage is constant over the electrode, the number of 
electrical DOF is one for each piezoelectric element. The electrical DOF is 
used as a sensor voltage or actuator voltage when the piezoelectric material 
bonded on the structure behaves as sensor or actuator. 

When voltage (control input) is applied to the actuator, counteracting mo- 
ments will be induced by the piezoelectric actuators at each nodal point as 
shown in Fig. 2.1(c). The bending moment resulting from the applied volt- 
age to the actuator adds a positive bending moment +M p 2 at node 2 and a 
negative bending moment —M p 1 at node 1, which are approximately equal 
and opposite to the moments induced by the disturbance on the beam. The 
displacement functions of the PZT will remain the same as that of the regular 
beam element. Similar to the Eq. (2.15) obtained for a regular beam element, 
the Lagrange’s equation of motion of the piezoelectric element can be obtained 
as 

M p q + K p q = f p (f), (2.21) 

where M p , K p are the mass, stiffness matrices of size (4 x 4) and f p is the force 
coefficient vector of the piezoelectric element of size (4x1). The elemental mass 
and stiffness matrices of the piezoelectric element M p and K p are obtained 
on the similar lines given in the regular beam element as 

_ PpApl-p 

420 

and 

12 m 6 /i P -12 m 6 n P 

r^p E p Ip 6 /Ip 4 —6 /l p 2 

-12 m -6/ip 12 m —6/ip 

6/ip 2 -6/ip 4 



156 


22 l p 


54 


— 13 


22 ip 


All 


13ip 


-Si^ 


54 


13ip 


156 


1 

to 

to 


— 13ip 


— 3ip 


—22 l p 


All 



•v 



(2.23) 
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where 

p p is the mass density of piezoelectric material, 

A p is the area of the piezoelectric patches = 2 t a b, 
i.e. , the area of the sensor as well as actuator, 
l p is the length of the piezoelectric element, 

b is the width of the piezoelectric patches as well as that of the beam, 

E p is the modulus of elasticity (Young’s modulus) of the piezo- 
electric material, 

Ip is the moment of inertia of piezoelectric layer with respect to the 
neutral axis of the beam and is given by 




t a is the thickness of the actuators, 

tb is the thickness of the beam element or the beam. 

The elemental mass and stiffness matrices of the piezoelectric patches are 
obtained by assuming sensor and actuator of same thickness, same width and 
are collocated in nature. The piezo mass and stiffness matrices M p , K p are 
obtained by evaluating the equations 

[M p ] = p p Ap j [nf] 1 [n^] dx, 

[ M ij\ = PpAp J fi(x)fj(x)dx, 

[K p ] = Eplp J [nf ] 1 [nf ] dx 

and 

[ K ij] = Eplp J f-(x)fj(x)dx, 

where i, j = 1 to n ( n finite elements). 

The piezoelectric beam element (top piezo patch + middle beam element 
+ bottom piezo patch) is obtained by sandwiching the regular beam element 
in between a layer of 2 thin piezoelectric patches of thickness t a or t s as shown 
in Fig. 2.1(b) or in Fig. 2.2 (finite element 4), i.e., as surface mounted piezo- 
patches on the master structure. The bottom layer acts as a piezoelectric 
sensor and the upper layer acts as an piezoelectric actuator. The mass and 
stiffness of the piezoelectric beam element is obtained by using the equations 

[M\ = p A J [n^] T [rig ] dx and [ K ] = E I J [nf ] T [nf ] dx, (2.28) 

Ip Ip 

where El = Ebh + 2 E p I p is the flexural rigidity of the piezoelectric beam 
element, pA = b{pbtb + Zpptp) is the mass per unit length, t p is the thickness 



(2.24) 

(2.25) 

(2.26) 

(2.27) 
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of the piezo patch, which is also equal to the thickness of the actuator t a or 
the thickness of the sensor t s . 

2. 1.1. 4 Piezoelectric Strain Rate Sensors and Actuators 

A piezoelectric material can act both as a sensor and an actuator. When 
used as an actuator, it produces mechanical strain as the output, whereas 
voltage will be the input. When used as a sensor, it converts the mechanical 
stress induced in the material into output voltage. This voltage after appro- 
priate signal conditioning is applied as input to the controller. The output of 
the controller is applied as a control signal to the actuator. The actuator pro- 
duces the mechanical strain and this is further used to suppress the vibrations 
using destructive interference. The linear piezoelectric coupling between the 
elastic field and electric field can be expressed by the direct and the converse 
piezoelectric constitutive equations [100], [101] as 

D z ~ <7 + e CT Ef, £ = ds\Ef + s E c t, (2.29) 

where D z is the electric displacement, d,$\ is the piezoelectric constant, a is 
the stress, e is the permittivity of the medium (dielectric constant), Ef is 
the electric field, e is the strain and s E is the compliance of the piezoelectric 
medium [6]. 

Sensor equation 

The sensor equation is derived from the direct piezoelectric equation which 
is used to calculate the total charge created by the strain in the structure. 
Since no external field is applied to the sensor layer, the electric displacement 
developed on the sensor surface is directly proportional to the strain acting 
on it. If the poling is done along the thickness direction of the sensors with 
the electrodes on the upper and lower surfaces, then the electric displacement 
D z is given as 

D z oc £ x — C31 £ X1 (2.30) 

where e3i is the piezoelectric stress/charge constant, e x is the strain of the 
testing structure at a point. The total charge Q(t) developed on the sensor 
surface (due to the strain) is the spatial summation of all the point charges 
developed on the sensor layer and is given by 

Q(t) = J D z dA. (2.31) 

.4 

Piezoelectric materials can be used as strain rate sensors . When used so, 
the output charge can be transformed into the sensor current 

* (<) = = JtJ DzdA= JtJ 63l£x dA ' (2 ’ 32) 

A A 
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Since the strain e x of the testing structure at a point can be expressed in 

terms of the second spatial derivative of the displacement function w"(x,t ) 

,2 

as e x = z where z is a coordinate of the point on the beam w.r.t. the 
neutral axis of the beam, the Eq. (2.32) can be written as 

d f f d 

i(t) = -j- t / e 3 i 2 nfq cL4 = / e 3 i 2 ; nf — (q) dA, (2.33) 

A A 

i(t ) = z e 3 i b J n i Q dx, (2.34) 

0 

where z= (y + t a ), nf is the second spatial derivative of the shape function 
of the beam as given in Appendix IV and q is the time derivative of the nodal 
coordinate vector q. 

The output current of the piezo sensor measures the moment rate of the 
flexible beam. This current is converted into the open circuit sensor voltage 
V s using a signal conditioning device with the gain G c and applied to an 
actuator with a suitable controller gain. Thus, the sensor output voltage V s (t) 
is obtained as ; 

V s (t) = G c esizb I nfq dx, (2.35) 

J 0 

which is nothing but the signal conditioning gain G c multiplied by the closed 
circuit current i(t) generated by the piezoelectric lamina, i.e., V s (t) = G c i(t). 
The vectors and q are of size (1 x 4) and (4 x 1) respectively. Substituting 
for from Eq. (2.10) and further simplifying, we get the sensor voltage for 
a two node finite element of the beam as 

uql [u/i 

V s (t) = [0 -G c e 31 zb 0 G c e 31 zb] 9l = G c e 31 zb [0 -1 0 l] 9 } , 

L 1 W2 L J U>2 

62 O2 

(2.36) 

i.e., 

V s (t) = S c q, (2.37) 

where G c e 3 \zb = S c is the sensor constant. Note that the sensor output voltage 
is a function of the second spatial derivative of the mode shape. The above 
Eq. (2.37) can be re-written as a scalar of vector product 

V s (t ) = p T q, (2.38) 

where p is a constant vector of size (4x1) and depends on the type of sensor, 
its characteristics and its location on the beam. 

This sensor voltage is given as input to the controller and the output of the 
controller is the controller gain multiplied by the sensor voltage V s (t). Thus, 
the input voltage to the actuator V a (t), i.e., the control input u is given by 
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V a (t ) = u = Controller gain x V s (t). (2.39) 



Actuator equation 



The actuator equation is derived from the converse piezoelectric equation. 
The strain developed e a by the electric field Ef on the actuator layer is given 

by 

£o = c?3i Ef, (2.40) 

where d 3 i is the piezoelectric constant. When the input voltage V a (t) is ap- 
plied to the piezoelectric actuator in the thickness direction t a , the electric 
field Ef and the stress <r a developed by the actuator is given by 

V a (t) V a (t) 

Ef = ^ and cr a = E p d 31 — , (2-41) 



where E p is the young’s modulus of the piezoelectric layer. Because of this 
stress in the structure, bending moments acts at nodes 1 and 2. In general, the 
expression for the bending moment in a small cross section of the piezoelectric 
element is given by 

d M a = Eplp-j-p. (2.42) 



,2 

Since the strain £ a = z which is also equal to , the bending moment 
in the small cross section can be finally obtained as d M a = cr a z. The resultant 
moment M a acting on the beam element due to the applied voltage V a is 
determined by integrating the stress in Eq. (2.41) throughout the structure 
thickness as 



Ma = 



Z <J a dz, 



(2.43) 



thickness 



which after simplifying becomes 



M a = E p d 3 i z V a {t), (2.44) 

where 5 = ( ta ~^ tb ) is the distance between neutral axis of the beam and the 
piezoelectric layer. 

The control force i c t r i produced by the actuator that is applied on the 
beam element is obtained using the Eq. (2.44) as 



fciW — Ep d:> t 1 bz 



n 2 dx V a {t) 



(2.45) 



or can be expressed as 



f Ctrl = h V a (t) = h u (t) 



(2.46) 
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where is the first spatial derivative of shape function of the flexible beam, 
u(t) is nothing but the control input to the actuator, i.e., V a (t) from the 
controller and h is a constant vector of size (4 x 1) which depends on the type 
of actuator, its location on the beam, its characteristic properties and is given 

by 

h T = [ — Epdsibz 0 Epdsibz 0 ] = E p d^\bz\^~ 1 0 1 0] , 

(2.47) 

i.e., 

h T = a c [-1 0 -1 0], (2.48) 

where E p dz\bz = a c is the actuator constant. 

If any external forces f ext are acting on the beam, then the total force 
vector becomes 

f * = f ext + f Ctrl ■ 

2. 1.1. 5 Dynamic Equation of the Smart Structure 

Consider Fig. 2.2 in which the beam is divided into 4 FE and the PZT’s placed 
as collocated sensor / actuator pair at FE position numbering 4. Let AI bl , M pl 
and K bl , K pt ( i,j = 1 to 4) be the individual mass and stiffness matrices of 
the regular beam elements and the piezoelectric beam elements respectively 
and are of sizes (4x4). Consider 2 vibratory modes. The dynamic equation of 
the smart structure is obtained by using both the equations of regular beam 
elements in Eq. (2.15) and the piezoelectric beam elements given in Eq. (2.28). 

Here, in Eqs. (2.15) and (2.28), the mass and stiffness matrices of the 
regular beam element and the piezoelectric beam element are called as the 
local mass and stiffness matrices and they give only the mass and stiffness of 
one of the finite elements of the smart beam in Fig. 2.2. The mass and stiffness 
matrices of the entire beam, which is divided into 4 finite elements are obtained 
by assembling the local mass and stiffness matrices using the FEM technique 
and the assembled matrices (global mass matrix M and global stiffness matrix 
K) are given in Appendix IV. 

The mass and stiffness matrices M (8 x 8) and K (8 x 8) of the dynamic 
equation of the smart structure includes the sensor / actuator mass and stiff- 
ness. The equation of motion of the smart structure and the sensor output is 
finally given by 

M q + K q = f ex t + f c tri = f * (2.49) 

and 

y(t) = V\t) = p T q, (2.50) 

where q, q, f ext , f c trl , f 4 and p are the vector of displacements and slopes 
(nodal variable vector), the acceleration vector, the external force vector, the 
controlling force vector, the total force vector and a constant vector of the 
beam which are of sizes (8 x 1) respectively. 
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The mass and stiffness matrices M and K of the beam in the system 
equation (2.49) can be varied by changing the position or location of the piezo 
patches on the beam and by varying the number of regular and piezoelectric 
beam elements. The generalized coordinates are introduced into Eq. (2.49) 
using a transformation q = Tg in order to reduce it further such that the 
resultant equation represents the dynamics of the first few dominant vibratory 
modes of the smart flexible cantilever beam. 

Here, T is the modal matrix (8 x 2) containing the eigenvectors represent- 
ing the desired number of modes of vibration of the cantilever beam as shown 
in the Appendix VI. This method is used to derive the uncoupled equations 
governing the motion of the forced vibrations of the smart beam in terms 
of principal coordinates by introducing a linear transformation between the 
generalized coordinates q and the principal coordinates g and thus decouples 
into the equations corresponding to each individual mode. Using the transfor- 
mation q = Tg, Eqs. (2.49) and (2.50) becomes 

MTg + KTg = f ext + f ctrl = f 4 (2.51) 

and 

y(t) = v s (t) = p T q = p T Tg. (2.52) 

Pre-multiplying Eq. (2.51) by T t , we get 

T T MTg + T t K T g = T T f ext + T t f ctr i = T T f 4 , (2.53) 

which can be rewritten as 

M*g + K*g = f* xt + f* trl , (2.54) 

where the matrices M* and K* given by M* = T t MT and K* = K t MT are 
called as the generalized mass and stiffness matrices and are of size (2x2). 
The generalized external force vector f* xt is given by 

f e xt = T T fext = T T fr(t), (2.55) 

where r(t) is the external force input to the smart beam. The generalized 
control force vector f* trl is given by 

f ctn = T r f Ctrl = T T hV a (t) = T T h u (t) . (2.56) 

Note that the generalized force vectors for the 2 node beam element con- 
sidered is of size (2 x 1). The structural modal damping matrix C( 2x2 ^ is 
introduced into Eq. (2.54) by using Raleigh’s proportional damping as 

C* =aM* +/3K*, (2.57) 

where a and j3 are the frictional damping constant and the structural damping 
constant used in C*. 
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The dynamic equation and the sensor output of the smart structure finally 
is given by 

M*g + C*g + K*g = f* xt + f* trl (2.58) 

and 

y(t) = v s (t) = p T q = p T Tg. (2.59) 

Note that this dynamic equation of the smart beam decouples into the 
equations corresponding to each individual mode, provided the damping is 
represented as described by Eq. (2.57). 



2. 1.1. 6 State Space Model of the Smart Structure for 2, 3 Modes 



I. SS Model for 2 vibratory modes : The governing equation of the smart 
structure obtained in the previous subsection 2. 1.1:5 using the generalized 
coordinates as shown in Eq. (2.58) is often written in the state space form 
and is obtained as follows. Let the vector g = x, i.e., 



g = x = Xl = X3 and g = x = X . 3 . (2.61) 

l*2j [X4\ {2x1) M (2x1) 

Thus, ±i = x 3 and x 2 = x±. Using the Eqs. (2.55), (2.56), (2.60), (2.61) in 
Eq. (2.58), Eq. (2.58) now becomes 



TV"* *^1 £•* I f* 

^ ™ *ext ' *ctrl 5 

2 



M* . + C* 

[Xi\ [x 4 

which can be further simplified as 



= — M* K* Xl -M* 'c* 



+ M*~ f ext + M*~ r ctH . (2.63) 



Eq. (2.63) is written in the state equation form as 



X\ X\ 

X2 _ r ° 1 1 x 2 \ o 1 m r 0 1 t+ 

X 3 [-M* K* — M* 'c*J x 3 [m* 1 [m* n 

X\ X\ 

(2.64) 

for 2 vibratory modes. 

The sensor voltage is taken as the output of the smart beam. The output 
of the plant is given by 



y(t) = p T t g = [p T t 



x 3 

X\ 



(2.65) 
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which can be written in the output equation form as 

Xi 

V(t)=[ 0 P T T] X ’ 2 . (2.66) 

X\ 

The constant vectors h and p in Eq. (2.64) and (2.66) for a 2 node beam 
element is given by 

P T = S C [ 0 0 0 0 0 d 0 1 ] (lx8) (2.67) 

and 

h T = a c [ 0 0 0 0 - 1 0 1 0 ] (lx8) . (2.68) 

Similarly, the force vector in Eq. (2.64) is given by 

'O' 

0 

0 

f= o • ( 2 - 69 ) 

0 
0 

- 1 -! (8xl) 

The SISO state space model [ state equation (2.64) and output equation 
(2.66) ] of the smart flexible cantilever beam for the first 2 vibratory modes 
of the Fig. 2.2 is thus given by 



x = A x(f) + B u (t) + E r(t) and y(t) = C T x(t) + D u (t) (2.70) 



with 




C T = [0 P T T] (1x4) , D = 0 and E = [ -S Tf j , (2.72) 

where r(t), u (t), A, B, C, D, E, x(t) and y(t) represent the external force in- 
put, the control input, system matrix, input matrix, output matrix, transmis- 
sion matrix, external load matrix, state vector, system output (sensor output) 
respectively. E is the external disturbance matrix which couples the distur- 
bance to the system. 
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(i) Cantilever beam divided into 3 FE (system 1), 4 FE (system 2) 
and 5 FE (system 3) 

The flexible cantilever beam as shown in Fig. 2.1(a) is divided into a number 
of finite elements [72], [87], [91], [92] as shown in Fig. 2.3, thus, giving rise to 
3 types of systems, viz., system 1 : three FE, Fig. 2.3(a), system 2 : four FE, 
Fig. 2.3(b), system 3 : five FE, Fig. 2.3(c). The piezoelectric sensor / actuator 
is bonded to the master structure at only one finite element, say at the fixed 
end. 

By placing a piezoelectric element as sensor - actuator at one finite element 
of the cantilever beam and making other elements as regular beam elements 
and by varying the position of the piezoelectric sensor / actuator from the fixed 
end to the free end, various models of the 3 systems are obtained as shown 
in Appendix V in Fig. A.l. These models also include mass and stiffness of 
sensor and actuator. In Figs. 2.3(a)-(c), placement of the piezoelectric element 
only at the fixed end are shown here for convenience. In other words, the state 
space model in Eq. (2.70) is obtained for various sensor / actuator locations 
on the cantilever beam by using 

• 2 regular beam elements and 1 piezoelectric element as shown in Fig. 2.3(a) 

- giving rise to 3 models of system 1. 

• 3 regular beam elements and 1 piezoelectric element as shown in Fig. 2.3(b) 

- giving rise to 4 models of system 2. 

• 4 regular beam elements and 1 piezoelectric element as shown in Fig. 2.3(c) 

- giving rise to 5 models of system 3. 

Then, the control of these developed state space models is obtained using 
the various types of control techniques which are discussed in the subsequent 
Chapters. Here, for the sake of convenience, only the state space models of the 
3 types of systems for the piezo patch placed at the fixed end is given below. 
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(a) Model 1 of system 1 (b) Model 1 of system 2 (c) Model 1 of system 3 

Fig. 2.3. A flexible aluminum cantilever beam divided into 3, 4, 5 FE with PZT’s 
at fixed end 
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0 0 0.0001 0 




0 


a 12 = 10 4 


0 0 0 0.0001 
-5.2872 -0.0000 -0.0005 -0.0000 


II 

<N 

m 


0 

-0.0971 
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-0.0046 


Ei 2 = 10 3 [0 0 2.7116 -1.1669] , Cf 2 = [0 0 


-0.0038 - 


-0.0016] , 




0 0 0.0001 0 




0 


a 13 = 10 4 


0 0 0 0.0001 
-5.0516 0.0000 -0.0005 0.0000 


) B13 = 


0 

-0.0514 




0.0000 -0.1488 0.0000 -0.0000 




-0.0027 



Ei 3 = 10 3 [0 0 3.0567 -1.2241] , Cf 3 = [0 0 -0.0026 -0.0010] . (2.75) 

In all the above state space models, D is a null matrix. 



(ii) Beam divided into 4 FE with sensor-actuator position varying 
from free end to fixed end 

Consider Fig. 2.4(a)-(d) in which the flexible beam is divided into 4 finite 
elements and the sensor-actuator pair is bonded to the master structure as 
a collocated pair at one position only, say fixed end. By varying the position 
of the sensor-actuator pair from the fixed end to the free end, 4 SISO state 
space models are obtained. 
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(a) SISO Model 1 
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(c) SISO Model 3 
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(d) SISO Model 4 



Fig. 2.4. A flexible aluminum cantilever beam divided into 4 FE with PZT’s moved 
from fixed end to free end : 4 SISO models 



State space model of the smart cantilever beam with sensor / actuator at 
FE position 1 (fixed end) as shown in Fig. 2.4(a) is given by 

x = Ai 4 x(f) + Bi 4 u(f) + Ei 4 r(f) and y(t) = C ^ 4 x(t) + D 14 u(t) (2.76) 



with 
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0 


0 0.0001 0 




0 


0 


0 0 0.0001 


, b 14 = 


0 


-5.2872 


-0.0000 -0.0005 -0.0000 


-0.0791 


- 0.0000 


-0.1752 -0.0000 -0.0000 




-0.0046 



Cf 4 =[0 0 0.0038 -0.0016] , D i4 = 0, 



Em = 10 3 



0 

0 

2.7116 

-1.1669 



State space model of the smart cantilever beam with sensor / actuator at 
FE position 2 (nearby fixed end) as shown in Fig. 2.4(b) is given by 

x = A 24 x(t) + B 24 u(i) + E 24 r(t) and y(t) = C ^ 4 x(t) + D 24 u (t) (2.77) 

with 
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0 
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0 
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State space model of the smart cantilever beam with sensor / actuator at 
FE position 3 (middle) as shown in Fig. 2.4(c) is given by 

x = A 34 x(t) + B 34 u (t) + E 34 r(t) and y(t) = Cj 4 x(f) + D 34 u (t) (2.78) 

with 
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State space model of the smart cantilever beam with sensor / actuator at FE 
position 4 (free end) as shown in Fig. 2.4(d) is given by 
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x = A 44 x(f) + B 44 u (t) + E 44 r(t) and y(t) = Cj 4 x(f) + D 44 u(t) (2.79) 



with 
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0.0001 


, B 44 = 
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2.5356 


0.0000 


0.0003 


0.0000 


-0.1961 


- 0.0000 


-0.0396 


- 0.0000 


- 0.0000 




-0.0172 



C 44 = 10 -4 [0 0 -0.5091 -0.0411] , D 44 = 0, E 44 = 10 2 



From Fig. A.l shown in Appendix V, the state space models of the smart 
cantilever beam divided into 3 FE (system 1) with sensor / actuator pair at 
element 2, 3 (free end), 4 FE (system 2) with sensor / actuator pair at elements 
2, 3, 4 (free end), 5 FE (system 3) with sensor / actuator pair at elements 2, 3, 
4, 5 (free end) are obtained similarly as shown in [72], [87], [91], [92] as shown 
in Fig. 2.3. The characteristics of the smart cantilever beam with the piezo 
pair at various locations along the length of the beam for different models of 
the 3 systems shown in Figs. 2.3 and in A.l are given in the Tables 2.2 - 2.4 
respectively. 



0 

0 

-1.2749 

-0.4607 



II. SS Model for 3 vibratory modes : The state space model (state 

equation and output equation) for the first 3 vibratory modes is obtained on 
the similar lines as shown in the previous sub-section 2 . 1 . 1 : 6 ( 1 ) as follows. 
The governing equation is often written in state space form by using a vector 
g = x, where 





9i 




X\ 


g = 


92 


= 


X 2 




.•93. 




_ x 3_ 



(2.80) 



Now, 



91 

92 


— 


Xi 

X 2 


— 


1 

& H 

1 


and g = x = 


X 4 
X 5 


.53. 




_X3_ 




|_X 6 J 


(3xl) 


_X 6 _ 



(2.81) 



Therefore, X\ = X4, £2 = £ 5 , and x 3 = Xq. Thus, using Eqs. (2.55), (2.56), 
(2.80) and (2.81) in Eq. (2.58), the dynamic equation of the smart structure 
for 3 vibratory modes becomes 





£4 




X 4 




Xl 


M* 


£5 

_x (i _ 


+ C* 


x 5 

_x 6 _ 


+ K* 


X 2 

_ x 3 _ 



M 



_ f * 1 f* 

L ext ' L ctrh 



(2.82) 
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Table 2.2. Characteristics of the smart beam for 2 modes, beam divided into 3 FE 
(system 1) 



Position of 


Eigen 


Natural 


sensor /actuator 


values 


frequency (Hz) 


Element 1 : Fixed end 


-2.55 ± j'225.76 


35.93 


Model 1 


-0.11 ± j47.61 


7.57 


Element 2 : Fixed end 


-2.1 ± /204.69 


32.57 


Model 2 


-0.04 ± j26.44 


4.21 


Element 3 : Free end 


-1.72 ± j'211.35 


33.63 


Model 3 


-0.02 ± jl9.16 


3.04 



Table 2.3. Characteristics of the smart beam for 2 modes, beam divided into 4 FE 
(system 2) 



Position of 


Eigen 


Natural 


sensor /actuator 


values 


frequency (Hz) 


Element 1 : Fixed end 


-2.64 ± j'229.92 


36.89 


Model 1 


-0.09 ± /41.86 


6.66 


Element 2 


-1.19 ± j 172.35 


27.43 


Model 2 


-0.04 ± j29.77 


4.73 


Element 3 


-1.84 ± j'191.81 


30.52 


Model 3 


-0.03 ± j24.22 


3.85 


Element 4 : Free end 


-1.27 ± j 159.23 


25.34 


Model 4 


-0.02 ± jl9.89 


3.16 



Table 2.4. Characteristics of the smart beam for 2 modes, beam divided into 5 FE 
(system 3) 



Position of 


Eigen 


Natural 


sensor /actuator 


values 


frequency (Hz) 


Element 1 : Fixed end 


-2.53 ± j'224.74 


35.76 


Model 1 


-0.07 ± j38.57 


6.14 


Element 2 


-1.34 ± j 163.70 


26.05 


Model 2 


-0.05 ± j31.06 


4.94 


Element 3 


— 1.65 ± j 181. 19 


28.88 


Model 3 


— 0.04 ± j26.90 


4.28 


Element 4 


-1.69 ± /183.93 


29.27 


Model 4 


-0.03 ± j26.63 


3.76 


Element 5 : Free end 


-1.24 ± j 157.68 


25.09 


Model 5 


-0.02 ± j20.57 


3.27 
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which can be further simplified as 

X 4 X 4 X\ 

x 5 = — M* -1 K* x§ — M* _1 C* x 2 +M*“ 1 f* xt + M*“ 1 f* w (2.83) 

_i 6 J L^eJ L a ’ 3 . 

and finally written in state space form 

x = A x(f) + B u(f) + E r(t) and y(t) = C T x(t) + D u(f) (2.84) 
as 

"*1 
X2 

0 I x 3 

— M* _ 1 K* — *4 

X5 
Xq 

(2.85) 

' Xl' 

X2 

y(t)=[ 0 p r T] X3 , (2.86) 

Jb 4 
X5 
X& 

where the size of the matrices A, B, C, E, T are (6 x 6), (6x1), (1x6), (6x1), (8 x 3) 
with D being a null matrix. The generalized matrices (mass, stiffness, structural 
damping) are of size (3 x 3). Here, in Eqs. (2.85) and (2.86), the constant vectors 
p T , h and f are of sizes (1 x 8), (8 x 1) and (8 x 1) respectively. 

2.1.2 Modeling of Smart Beams as MIMO Systems for 2 and 3 
Vibratory Modes 

Consider the flexible aluminum cantilever beam [77], [93] as shown in Fig. 2.1(a). 
The beam has been divided into 4 finite elements as shown in Fig. 2.5. A collocated 
piezoelectric pair is bonded onto 2 discrete sections (two FE) on the surface of 
the beam as surface mounted sensor / actuators. Then, the smart cantilever beam 
model is developed using 2 piezoelectric beam elements (top actuator + middle 
beam element + bottom sensor), which includes sensor and actuator dynamics and 
remaining beam elements as regular beam elements based on Euler-Bernoulli beam 
theory assumptions. The dimensions and properties of the aluminum cantilever beam 
and piezoelectric sensor / actuator used are given in Table 2.1. The 2 piezo pairs 
are made up of the same material and type. The regular beam modeling and the 
piezoelectric beam modeling as a multivariable system is developed on the similar 
lines as that of the smart beam modelling for a SISO case as explained in Sections 
2. 1.1:1 to 2. 1.1:4. 
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Fig. 2.5. A smart EB beam as a multivariable system with 2 inputs and 2 outputs 



2. 1.2.1 Dynamic Equation of the Smart Beam for a MIMO Case 

The dynamic equation of the smart structure is obtained by using the mass and 
stiffness of both the equations of the regular beam elements and the piezoelectric 
beam elements given in Eqs. (2.15) and (2.28). Two vibratory modes are considered 
to start with in modelling the beam. The mass and stiffness matrices M, K of the 
entire beam divided into 4 finite elements with the piezo-patches placed at positions 
2 and 4 are obtained by assembling the mass and stiffness matrices of the regular 
beam elements and the piezoelectric beam elements. The dynamic equation is finally 
given by 

Mq + Kq 

— f ext + fctrl 1 + fctrl 2, (2.87) 

where the mass and stiffness matrices M, K are of size (8 x 8) and the force vectors 
of size (8 x 1). 

Using q = T g, Eq. (2.87) becomes 

MTg + KTg = f ex t + fctrl 1 + fctrl 2 • (2.88) 

Pre-multiplying Eq. (2.88) by T t , the following equation is obtained. 

M*g + K*g = f* xt + f 1 + f* t ri2, (2.89) 

where f ctr z i , f ctr i 2 and f * trl x f * trl 2 are the control force vectors and the generalized 
control force vectors. Introducing the damping matrix C* into the Eq. (2.89), we get 
the dynamic equation of the smart flexible cantilever beam as multivariable system 
(2 inputs, 2 outputs) which is given below. 

M g+C g + K g = f ext + fctrl 1 + fctrl 2 = fext + f ctrli, * = 1, 2, (2.90) 

where the generalized matrices and the generalized force vectors are of size (2 x 2) 
and (2 x 1) respectively. 
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2. 1.2. 2 State Space Model of the Smart Beam for a MIMO Case 



The state space model of the beam is obtained on the similar lines as explained in 
Section 2.1. 1:6(1) and (II) for 2 and 3 vibratory modes. The governing equation Eq. 
(2.90) is written in state space form as 
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which can be further simplified as 

+ M f ext + M f Ctrl i (2.92) 

and hnally written in state equation form as 
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(2.93) 



for 2 vibratory modes. The Eq. (2.93) can be written in compact form as 



x = A x(t) + B u(t) + E r(t). 



(2.94) 



The generalized control force vector is given by 

f*trii — T T f ctr ;i = T T hiVi a (t) — T T hiUi(t), * = 1,2, (2.95) 

where the voltages Vi a (t) are the input voltages to the actuators 1 and 2 and are 
nothing but the control inputs Ui(t) to the actuators. T is the modal matrix of size 
(8x2). hi is a constant vector of size (8 x 1) which depends on the actuator type, 
its position on the beam, its characteristics and is given by 

hf = E P1 d 3 i 62 [-1 0 1 0 0 0 0 0] (1)<g j = ad [ — 1 0 1 ■■■ 0] (2.96) 

and 



hj = E P2 d 3 ibz [0 0 0 0 -1 0 1 0] ( = o c2 [ 0 ••• -10 10] (2.97) 

for the two piezoelectric actuator elements placed at the FE positions, numbering 2 
and 4, where a c i and o C 2 are the actuator constants. 

The sensor voltages 3/1 and 1/2 are taken as the outputs of the MIMO plant and 
the output equation is obtained as 



Vi(t ) = Vi(t ) = pf Tg 



r t 'T'l 


' X 3 ' 


[ Pl Tj 


xa 



(2.98) 



where pf is a constant vector of size (1 x 8) which depends on the piezoelectric 
sensor characteristics and on the position of the sensor location on the beam. The 
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constant vectors for the sensors placed at FE positions numbering 2 and 4 are given 
by 

= G c e 3 ibz [0 -1 0 1 0 0 0 0] (lxg) = S cl [0 -1 0 1 - • - 0] (2.99) 

and 

P2=G c e 3 ibz[0 10 1 ] (lx8) = S C 2 [0 10 l], (2.100) 

where S c i and S c 2 are the sensor constants. Eq. (2.98) can be further re-written as 
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and finally, the output equation becomes 

y(t) = C T x(t) + Du(t). 



( 2 . 101 ) 



( 2 . 102 ) 



Similarly, the MIMO state space model for 3 vibratory modes is given by 
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and 
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where the generalized mass and stiffness matrices, the modal matrix T are of size 
(3 x 3) and (8 x 3) and the constant vectors p i5 hi and f are of sizes (8 x 1) respectively. 



The MIMO state space model of the smart structure divided into 4 FE with 
sensor / actuator pair placed at FE positions 2 and 4 as shown in the Fig. 2.5 and 
for 2 vibratory modes is given by Eqs. (2.94) and (2.102) with 
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Table 2.5. Characteristics of the smart flexible beam for a MIMO case (2 modes) 



Position of the piezoelectric 


Eigen 


Natural 


sensor / actuator 


values 


frequency (Hz) 


2,4 


— 1.7188 ± j 211.3523 


33.6378 




-0.0245 ± j 24.9096 


3.9645 



C T 



0 0 0.0065 -0.0003 

0 0 0.0015 -0.0000 



E=[0 0 881.7568 -322.3558 ] T , 



D = a null matrix. (2.105) 

Control of this developed MIMO smart structure state space model is obtained 
using the different control laws which are considered in the subsequent chapters. 
The characteristics of the MIMO state space model obtained by retaining the first 
2 vibratory modes in Eq. (2.105) of the smart structure are given in the Table 2.5. 



2.1.3 Modeling of the Smart Structure as Multimodel System 
Comprising of Multivariable Plants 

The flexible aluminium cantilever beam as shown in the Fig. 2.1(a) is divided into a 
number of finite elements, viz., 8 as shown in Fig. 2.6. The dimensions and properties 
of the aluminum cantilever beam and piezoelectric sensor / actuator used are given 
in Table 2.1. The entire structure (cantilever beam with the surface mounted piezos) 
is modeled by dividing it into 8 finite elements and placing the sensor /actuator at 
finite element positions 2, 4, 6 an 8, thus giving rise to a single Multiple Input 
Multiple Output [MIMO] system with 4 actuator inputs ui, 112 , 113 , U 4 and 4 sensor 
outputs, yi, 2 / 2 , 3/3, 2/4 [81], [82], [83], [84], 

Considering a failure of one of the 4 actuator pairs to function (may be due 
to mechanical / electrical / bonding failure or the connecting leads to the piezos 



Actuator inputs from controller 




Fig. 2.6. A MIMO smart EB beam with 4 inputs and 4 outputs 
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coming out during vibrations) at any one of the finite elements, 4 multivariable 
state space models of the same smart structure plant can be obtained, thus giving 
rise to a multimodel system. The regular beam modeling and the piezoelectric beam 
modeling of the multivariable plant is developed on the similar lines as that of 
the SISO plant model as explained in Sections 2. 1.1:1 to 2. 1.1:4. In this type of 
modeling the beam, 4 piezoelectric elements are considered as active sensors and 
actuators and the other elements as regular beam elements. The A matrices of the 
multimodel system of the single plant remains the same, while B and C changes 
due to the consideration of the failure of one of the piezo patches. 

2. 1.3.1 Dynamic Equation of the Smart Beam for Multimodel Case 

The dynamic equation of the smart structure is obtained by using the mass and 
stiffness of both the equations of the regular beam elements and the piezoelectric 
beam elements similar to the method given in Section 2. 1.2:1. The mass and stiffness 
matrices M, K of the entire beam, which is divided into 8 finite elements with the 
piezo-patches placed at even FE positions are obtained by assembling the mass and 
stiffness matrices of each elements. The dynamic equation is finally given by [81] 
-[84] 

Mq + Kq = fext fctrl 1 + {ctrl 2 + fctrl 3 +fctrZ4- (2.106) 

The Eq. (2.106) is written in the following form by using the relation q = T g. 

MTg + KTg = f ext + fctrll + fctrl2 + fctrl 3 + feiri 4 • (2.107) 

Pre-multiplying Eq. (2.107) by T t , the above equation takes the form as 

M*g + K*g = f* xt + f*trll + fctrl 2 + fctrl 3 + CtrZ4> (2.108) 

where the generalized mass and stiffness matrices M* and K* given by M* = 
T t MT and K* = T r KT are of size (2 x 2) and the generalized force vectors, viz., 
f Ztrii = T T fctrl i and fl xt = T t f ext are of size (2 x 1). 

Introducing the damping matrix C* into the Eq. (2.108), we get the dynamic 
equation of the smart flexible cantilever beam with 4 input-outputs as 

M g + C g + K g = f ext + f c trl 1 + fctrl 2 + fctrl 3 + fctrl 4 = f ext + f ctrli, (2.109) 
where i = 1, ...., 4. 



2. 1.3. 2 State Space Model of the Smart Beam for 
the Multimodel Case 



The state space model of the beam with 4 inputs and 4 outputs is obtained on the 
similar lines as explained in Section 2. 1.2:2. The governing equation Eq. (2.109) is 
written in state space form as 
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which can be further simplified as 
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and finally written in state equation form as 
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where the generalized matrices (mass, stiffness, structural damping), the modal ma- 
trix T are of size (2 x 2) and (16 x 2), the constant vector h; of size (16 x 1) and 
the force vector f of size (16 x 1). 

The equation (2.112) can be written in compact form as 

x = A x(t) + B u(t) + Er(t). (2.113) 

The generalized control force vector of size (2 x 1) is given by 

f*tr li = T T f ct rii = T r h iV z a (t) = T T h iU i(t), i = 1 to 4, (2.114) 



where the voltages V)“(f) are the input voltages to the actuators 1 to 4 and are 
nothing but the control inputs u i(t) to the actuators, h; is a constant vector which 
depends on the actuator type, its position on the beam, the actuator characteristics 
and is given by 
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(2.115) 



for the 4 piezoelectric actuator elements placed at FE positions 2, 4, 6 and 8 respec- 
tively, where E v bz — a c being the actuator constants of the piezo actuators. 

The sensor voltages are taken as the output of the multivariable plant and the 
output equation is obtained as 



Vi{t) = Vi(t ) = pfTg 




i = 1 to 4, 



(2.116) 



where pf is a constant vector of size (lx 16), which depends on the piezoelectric 
sensor characteristics and on the position of the sensor location on the beam. The 
constant vectors for the sensors placed at even FE positions is given by 



P 



T 



Pi 
P2 
Ps 
_ P 4 _ 



0 


-10 10 


0 0 0 0 


0 0 0 0 


0 0 0 


0 


0 0 0 0 


-10 10 


0 0 0 0 


0 0 0 


0 


0 0 0 0 


0 0 0 0 


-10 10 


0 0 0 


0 


0 0 0 0 


0 0 0 0 


0 0 0 0 


-1 0 1 



, (2.117) 
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where G c e 3 ibz = S c are the sensor constants of the sensors placed at even FE 
positions. 

The Eq. (2.116) can be further re-written for a multivariable system with 4 
inputs-outputs as 
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and in the compact form 

y(t) = C T x(t) + Du(i). 



(2.118) 



(2.119) 



The multimodel system comprising of 4 multivariable SS models are obtained 
with the failure of one of the 4 actuators to function at any one of the finite elements. 
The A and E matrices of all the 4 models of the single plant remain the same, 
while B, and C ; matrices changes due to the failure of one of the piezo pairs to 
function. Let A, B;, C;, E, where i = 1, 2, 3, 4 be the state space matrices of the 4 
multivariable models of the single plant when one of the 4 actuators fails to function 
at the finite element position 2 or 4 or 6 or 8. 

The input matrix B; when the fault takes place at any one of the finite element 
positions is obtained by making the i th column of B, as zeroes, indicating that the 
i th actuator on the beam has failed and this consideration leads us to the problem of 
finding a control law that stabilizes the plant in the event of the actuator failure. The 
modeling approach presented in this section is to model the flexible cantilever beam 
structure with piezoelectric sensor / actuator as collocated pairs by considering the 
first 2 vibration modes and to analyze the effect of the failure of one of the actuators 
in a MIMO system to function in the system dynamics. 

The above analysis can also be performed by considering an sensor failure or 
both actuator and sensor failure at a time. Control of this 4 input-output multi- 
model smart structure is obtained when there is a failure of one of the actuators 
to function using the Robust Decentralized Periodic Output Feedback (RDPOF) 
technique [81], [82] or the Robust Decentralized Fast Output Sampling Feedback 
(RDFOS) technique [83], [84] which is considered in the latter chapters. 

The multivariable state space model of the smart cantilever beam when the 
piezo patch fails to function at FE position numbering 8 is given by Eqs. (2.112) 
and (2.118) with 
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Similarly, the state space models of the single plant when piezo patch fails at 
FE positions 6, 4 and 2 are obtained respectively. The characteristics of the smart 
flexible cantilever beam when the actuator placed at FE position 8 fails is given in 
Table 2.6. 



Table 2.6. Characteristics of the multimodel system when actuator fails at FE 
position 8 



Failure of the sensor / 


Eigen values 


Natural 


actuator position 




frequency (Hz) 


8 


-0.1876 ± i 61.1677 


9.7351 


(free end) 


-0.0069 ± i 11.3005 


1.7985 



2.1.4 Modeling of Smart Beams for 6 Vibratory Modes 
(Higher Order) 

In theory, flexible structures require an infinite number of elastic modes to com- 
pletely describe their behavior and in practice, they are usually modeled by large 
finite dimensional systems. The fundamental problem of feedback control of these 
flexible structures is to precisely control a large dimensional system [102] with a 
smaller dimensional controller because of the on-board computer limitations and 
the cost and complexity involved in the controller design. This restricts the control 
to a few critical modes, viz., the first few vibratory modes in the flexible system. 

In this section, we consider the MIMO modeling of the smart flexible aluminium 
beam {as shown in Fig. 2.1(a)} based on Euler-Bernoulli beam theory and by 
dividing the beam into 4 finite elements with placement of the sensor/actuator 
pair at finite element positions 2 and 4 (as shown in the Fig. 2.5). This gives rise 
to a multivariable system with 2 actuator inputs Mi , 112 and 2 sensor outputs 1 / 1 , 
Vi [79], [80], 

The dimensions and properties of the flexible beam and that of the piezoelectric 
sensor/actuator are given in Table 2.1. The first 6 vibratory modes tui to ojq are 
considered for obtaining a higher order model of the smart structure (say, a 12 th 
order model). Modeling of the multivariable system was discussed in the Section 
2.1.2. On the similar lines, the state space model (state equation and the output 
equation) for 6 vibratory modes of the MIMO system is obtained as 
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i.e., 



x = A x(t) + B u(f) + E r(t) 



and 



i.e., 
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( 2 . 122 ) 



y(t) = C T x(t) + Du (t), 



where the generalized matrices (mass, stiffness, structural damping), the modal ma- 
trix T are of sizes (6 x 6) and (8x6), the constant vectors hi and pf of sizes (8 x 1) 
and (1 x 8) and the force vector f are of size (8 x 1) respectively. 

5 multivariable state space models are obtained by varying the thickness para- 
meter of the beam. The thickness parameter of the 5 MIMO models of the same 
smart structure plant shown in Eq. (2.121) and Eq. (2.122) are taken as 0.5 mm, 0.6 
mm, 0.7 mm, 0.8 mm and 1 mm. Let (Ai, B,, C», Di, Ei, ); i = 1 to 5 be the state 
space matrices of the multimodel system. 

State space model of the smart cantilever beam with sensor / actuator pair at 
element 2 and 4 for the first 6 modes of the MIMO model 1 is represented by Eqs. 
(2.121) and (2.122) with 
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The state space matrices of the remaining 4 MIMO models are obtained simi- 
larly. Control of the multimodel system for the flexural vibrations is obtained using 
the robust decentralized technique [79], [80] via the reduced order modeling which 
is presented in the subsequent chapters. The characteristics of the smart flexible 
cantilever beam of the model 1 (with thickness of 0.5 mm) are given in Table 2.7. 
Similarly, the characteristics of the other 4 multivariable state space models of the 
smart structure are also obtained. 



Table 2.7. Characteristics of the smart beam for the multivariable model 1 



Eigen values 
(Model 1) 


Natural frequency 
(Hertz) 


-0.0071 ± j9.36 


1.4892 


-0.5975 ±j 89.2 


14.1995 


-4.96 ± j 257.1 


40.9239 


-21.3 ± j 532.1 


84.6910 


—81.2 ± j 1037.2 


165.0721 


— 224.4 ± j 1715.1 


272.9711 



2.1.5 Conclusions 

Smart cantilever beam models bonded with surface mounted piezoelectric sensors 
and actuators at discrete locations on the flexible beam are presented using the 
concepts of piezoelectrics, Euler-Bernoulli beam theory, finite element method and 
the state space techniques. In the first case, the flexible beam is divided into 3, 4 and 
5 finite elements with sensor-actuator pair placed at only one FE location. Different 
SISO models of the same smart structure plant are obtained by varying the sensor- 
actuator location from the fixed end to the free end with 1 input and 1 output. 2 
and 3 vibratory modes was considered in these cases. The case of modeling a smart 
structure with more than one active piezo sensor/actuator as collocated pairs at 
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discrete locations on the structure as a multivariable system is also considered. Two 
situations are dealt in the modeling procedure. 

One is the beam divided into 4 FE and the other is, the beam divided into 
8 finite elements. In both the situations, the piezo sensor/actuators are placed as 
collocated pairs at even FE locations. State space models are also presented for 
the case when one of the 4 actuators in a multimodel system failed to function. In 
the modeling of the smart structure, the mass and stiffness of the adhesive which 
is used to bond the piezo patches to the structure is neglected. A higher order 
smart structure model is presented by considering the first 6 modes of vibration. To 
overcome the problems such as the order of the state space model and the numerical 
difficulties in processing the model data for higher order systems, a reduced order 
model is presented to represent the first few vibratory modes and this reduced order 
model is used for the controller design. 



2.2 Modeling of Smart Structures Based on Timoshenko 
Beam Theory 

In this following Sections, the mathematical modeling of smart beam modelled as 
SISO and MIMO systems with surface mounted shear sensors and actuators is pre- 
sented. The first few vibratory modes are retained while modeling the beam. This is 
followed by the modeling of the Timoshenko cantilever beams with embedded shear 
sensors and actuators as SISO and MIMO systems. The effect of shear and axial 
displacement is considered in the modeling, which was neglected in the E-B beams. 
Finally, the state space models of the above mentioned two types of beams as SISO 
and MIMO systems is arrived at starting from the FE model of the Timoshenko 
beam. Conclusions are drawn at the end. 

2.2.1 Modeling of SISO Structures with Surface Mounted Shear 
Sensors and Actuators 

Few researchers have well established a mathematical finite element Euler-Bernoulli 
model. These models do not consider the shear effects, rotary inertia, axial displace- 
ments, etc.,. Modeling of smart structures by shear deformable (Timoshenko) theory 
is limited. Here, the effect of rotary inertia and the axial displacement along the x 
axis has been considered in modeling. Consider a thick aluminum prismatic isotropic 
cantilever beam as shown in Fig. (2.1)(a) divided into 4 finite elements as shown in 
Fig. 2.7. 

The smart beam is obtained by sandwiching the regular beam element between 
2 thin piezoelectric layers (as extension mode sensors and actuators, i.e., as surface 
mounted piezo pair) placed at only 1 FE location as a collocated pair (Fig. 2.7). 
The bottom layer is acting as a sensor and the top layer is acting as an actuator. 
The same assumptions made in deriving the E-B model is used here while deriving 
the Timoshenko beam model as shown at the end of the Section 2.1.1. An external 
force input f sx t (impulse disturbance) is applied at the free end of the smart beam. 

The beam is thus subjected to vibrations and takes a certain amount of time 
for the vibrations to die out. These vibrations are suppressed quickly in no time by 
the feedback action of the sensor, controller and actuator, which would have taken 
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a longer time to damp out without the controller. Thus, there are 2 inputs to the 
plant. One is the external force input f ex t (impulse disturbance), which is taken as 
a load matrix of 1 unit in the simulation and the other input is the control input 
u to the actuator. The dimensions and properties of the aluminum cantilever beam 
and that of the piezoelectric sensor / actuator used are given in Table 2.8. 

Table 2.8. Properties of the thick cantilever (aluminium beam) and the piezoelectric 
element when beam is divided into 4 finite elements 



Physical 


Cantilever 


Piezoelectric (PZT) 


parameters 


beam 


sensor / actuator 


Length 


Lb = 0.2 m 


l p = 0.05 m 


Width 


b = 0.03 m 


b = 0.03 m 


Thickness 


tb = 1 mm 


t a = t s = 0.5mm 


Density 


pb = 8030 Kg/m 3 


p v = 7700 Kg/m 3 


Young’s Modulus 


E b = 193.06 GPa 


E p = 68 GPa 


Damping Constants 


a = 0.001, 




used in C* 


/ 3 = 0.0001 




PZT Strain Constant 




dsi = 125 x 10 ~ 12 m/V 


PZT Stress Constant 




331 = 10.5 x 10~ 3 VmN ~ 1 



2. 2. 1.1 Modeling of the Regular Beam Element 

To start with, consider a regular beam element (say, FE position 1) as shown in Fig. 
2.7. The displacement relation in the x, y and 2 directions of the beam [42] can be 
written as 

u(x,y, z,t) = z6(x,t), (2.124) 

v(x, y, z, t) = 0, w(x,y, z,t) = w(x,t), (2.125) 

where w is the time dependent transverse displacement of the centroidal axis (along 
z-axis), 6 is the time dependent rotation of the beam cross-section about j/-axis, u is 
the axial displacement along the *-axis. We are restricting ourselves to the behavior 
of the beam in the x — z plane only [103]. 

The axial displacement u of a point at a certain distance z from the center 
line is only due to the bending slope and the shear slope has no contribution to 
this. The centroidal axis of the beam is coincident with the elastic axis so that the 
bending-torsion coupling is negligible. The strain components of the beam are given 
as 

_ du _ du 86 _ 86 _ 8 d _ _ 8w _ 

£xx ~d^~defa^ z fa’ £ yy-g y~"’ Ezz -~dl- 



0, (2.126) 
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where e xx , e yy , e zz are the longitudinal strains or the tensile strains in the 3 direc- 
tions, i.e., in the x, y and z directions. The shear strains 7 induced in the beam 
along the 3 directions (viz., along x, y and z directions) are given by [104] 



(2.127) 



where = 9. 

The effect of shear strains along y and z directions is equal to zero. Thus, the 
stresses in the beam element are given as 





du dw 


1 


dv dw 


\ 


du dv' 


' Uz = 


_dz dx _ 


II 

N 

35 

r~ 


dz dy 


II 


dy dx 



— E b dxx — E b Z 



— G 7a; 2 — 1 



dw 

dx 



dd_ 
dx ’ 



+ e 



(2.128) 

(2.129) 



where G is shear modulus (or modulus of rigidity) of the beam material given by 
G = J77;, where v is the poisons ratio, a xz is the shear stress and a xx is the tensile 
stress [105]. 

The strain energy U of the beam element depends upon the linear strain e, the 
shear strain 7 and is given by 



d9\ 



U = -E b I b + - KGA 6 tt- + 6» 



dx J 



and the total strain energy is finally written as 



dw 



dx 



U = 



if 

2 Jo 



do_ 

dx 

§7+0 



Ebh 0 

0 KGA b 



ae_ 

dx 

§7+0 



dx , 



(2.130) 



(2.131) 



where K is the shear coefficient [106] which depends on the material definition and 
on the cross sectional geometry, usually taken equal to | or can be obtained from 
the poisson’s ratio of the beam as 



10(1 +v) 

12 + llu 



(2.132) 



The kinetic energy T of the beam element depends on the sum of the kinetic 
energy due to the linear velocity and due to the angular twist 9 and is given by 



t -|//H(w) + (§0 + (w) \ dAdx ’ (2 - 133) 



which can be written using Eqs. (2.124) - (2.129) as 



T = 





~ dw " 


T 




~ dw ~ 


f h 


dt 




pb Ab 0 




dt 


Jo 


dQ_ 




0 pb h 




do 




- dt - 






- dt - 



dx. 



The Eq. (2.134) can be further rewritten after simplifying as 



(2.134) 



T = ^ PbA b 



dw 

~dt 



+ g Pb lb 



(2.135) 
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The total work done W e due to the external forces in the beam is given by 



which can be written as 



W e = 



f h 


w 


T 


'qd' 


Jo 


0 _ 




m 



dx, 



-L 



W e = ( w qd + 0 m) dx, 



(2.136) 



(2.137) 



where qd represents distributed force along the length of the beam element and m 
represents the moment along the length of the beam element. 

The equation of motion is derived from the concept of the total strain energy 
being equal to the sum of the change in the kinetic energy and the work done due 
to the external forces (Hamilton’s principle) and is given by 



SU= {8U - 8T - SW e ) dt = 0. (2.138) 

Jt i 

Here, 8U, ST and SW e are the variations of the strain energy, the kinetic energy, 
work done due to the external forces, t is the time and 8 is the first variational 
operator. 

Substituting the values of strain energy from Eq. (2.131), kinetic energy from Eq. 
(2.135) and external work done from Eq. (2.136) in Eq. (2.138) and integrating by 
parts, we get the differential equations of motion of a general shaped beam modeled 
with Timoshenko beam theory [42] as 



d{KGAb (% + e )} 

dx 



. d 2 w 
Tqd = pbA b — , 



(2.139) 



9{Eth fj} 

dx 



-KG A b 




T d 2 d 
+ m = p b I b gp. 



(2.140) 



The R.H.S. of Eq. (2.139) is the time derivative of the linear momentum, whereas 
the R.H.S. of Eq. (2.140) is the time derivative of the moment of momentum. For 
the static case with no external force acting on the beam, the differential equations 
of motion (Timoshenko beam equations) reduces to 



(%+fl)} 

dx 



(2.141) 



and 



dx 



- KG A b 




= 0. 



(2.142) 



From Eqs. (2.141) and (2.142), it can be seen that this governing equation of 
the beam based on Timoshenko beam theory can be satisfied only if the polynomial 
order for w is selected one order higher than the polynomial order for 6. Since there 
are 4 nodes for one beam element [45], [107], [108], [109], w, i.e., the transverse 
displacement is approximated by a cubic polynomial and 9 is approximated by a 
quadratic polynomial as 

w = ai + aix + a^x 2 + a^x 3 , 



(2.143) 
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and 

0 = 6i + b 2 X + 63a; 2 . (2.144) 

Here, in Eqs. (2.143) and (2.144), x is the distance of the finite element node 
from the fixed end of the beam, at and bj , (i = 1 to 4 ), (j = 1 to 3) are the unknown 
coefficients and are found out using the boundary conditions at the ends of the beam 
element, i.e., x = (0, lb) as follows (Fig. 2.7). 

At x = 0, w = mi, w' = 6 i and at x = h, w = 102, w = 62 - (2.145) 

After applying the boundary conditions from Eq. (2.145) on Eqs. (2.143) and 
(2.144), the unknown coefficients a; and bj can be obtained. Substituting the ob- 
tained unknown coefficients a; and bj in Eqs. (2.143) and (2.144) and after re- 
arranging and writing them in matrix form, we get the transverse displacement, 
first spatial derivative, the second spatial derivative and the time derivative of the 
transverse displacement w(x, t ) as 



w{x, t) = [N w ] [q] , 


(2.146) 


w (x, t) = [JV fl ] [q] , 


(2.147) 


w (x, t ) = [N a ] [q] , 


(2.148) 


w(x, t ) = [AT*,] [q] , 


(2.149) 



where q is the vector of displacements and slopes given by {wi, #1, W 2 , #2} T , q 
is the time derivative of the nodal coordinate vector q, [JV„] r , [./Ve] T and [Af 0 ] T 
are the mode shape functions (for displacement, rotations and accelerations) taking 
the beam bending stiffness and shear stiffness, i.e., the shear related terms into 
consideration and are given as [110], [111] 



ral 2 ^ 2 - 3 ^)’- 


^ (^) + c + ^)| 


ffj{(t)’-( 2 + §)(#; 


) 2 + (i+h (t)} 


-rh{ 2 (f) S - 2 ( 


f) 2 -Hs)} 




(t)' 2 A(f)} 



(2.150) 



-nffe{(ir) S -(e)} 

nl«{ 3 (t) 2 -( 2 -*)(ii)} 

6 f 2x 1 

(l+tf>)4 4 

TT+3TC{¥ -(■» + 

6 / 6x 1 

(1+0)4 h 

1 f 6x (2—0 

(i+« h 





(2.151) 



(2.152) 
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where [TV®] = [N w ] , [N a ] = [Aim] and 0 is the ratio of the beam bending stiffness 
to shear stiffness and is given by 



-1 


( E b I b \ 


= -1 




ll 1 


{KGA b J 


ll ' 


yKA b ) 



(! + «)■ 



(2.153) 



From the Eqs. (2.150)-(2.152), it is inferred that the shape function of the beam 
has strong dependence on 0. Also, it can be observed that when 0 is set to zero, 
the shape function [AZm] T of the Timoshenko beam reduces to that of the EB beam 
as given in Eq. (2.7). The equation of motion of the beam element is developed by 
substituting the shape functions into the hamiltonian equation and integrating over 
the entire length of the beam element. Thus, we get, 

M 6 q + A' 6 q = f b (2.154) 

where M b , K b are the local mass, stiffness matrices of the regular beam element or 
the elemental mass and stiffness matrices of size (4 x 4) and f 6 is the force vector 
of size (4 x 1). 

The mass matrix of the regular beam element is the sum of the translational 
mass and the rotational mass and is given as 




'N w 


T 


pbAb 


0 


. N ». 




0 


Pblyy _ 



N w 

Ng 



dx. 



(2.155) 



Substituting the mode shape functions [N w ], [JV#] into Eq. (2.155) and integrat- 
ing, we get the mass matrix of the regular beam element as 

[M 6 ] = [M Pb A b \ + [M Pbh ] , (2.156) 



where the symmetric matrices [M Pb A b \ and [. M Pb i b ] in Eq. (2.156) is associated with 
the translational inertia and rotary inertia as 



[M Pb A b ] 



PbA h l h 

210(1+4+ 



' (70<^> 2 + 1470 + 78) 
(350 2 + 770 + 44)| 
(350 2 + 630 + 27) 
_-(350 2 + 630 + 26)! 



(350 2 + 770 + 44)| 
(70 2 + 140 + 8)| 
(350 2 + 630 + 26)! 
-(70 2 + 140 + 6)f 



(350 2 + 630 + 27) 

(350 2 + 630 + 26) ! 
7O0 2 + 1470 + 78) 

— (350 2 + 770 + 44) ! 



— (350 2 + 630 + 26) ! " 

— (70 2 + 140 + 6)1 

— (350 2 + 770 + 44) ! ’ 

(70 2 + 140 + 8)! - 



[M Pbh \ 



Phh 

30(1 +Wh> 



36 —(150 — 3)h 

-(150-3)Z 6 (lO0 2 +50 + 4 )l 2 b 
-36 (150 - 3 )l b 

— (150 — 3)lb (50 2 -50- 1)Z 2 



-36 -(150- 3 )l b 

(150 — 3)Z 6 (50 2 — 50 — 1)Z 2 
36 (150 - 3 )l b 

(150-3 )l b (1O0 2 + 50 + 4)7g 



(2.157) 



(2.158) 
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The stiffness matrix [A 6 ] of the regular beam element (also called as the local 
stiffness matrix) is the sum of the bending stiffness and the shear stiffness and is 
written in matrix form as 




Eblb 0 
0 KGA b 




(2.159) 



Substituting the mode shape functions [N w ], [JVs] into Eq. (2.159) and integrat- 
ing, we get the stiffness matrix [A' 6 ] of the regular beam element of size (4 x 4) 



12 6 h -12 6 l b 

\ v b\ E b I b 6 l b (4 + -Ql b (2 - 0)Z 2 

M = (ITM - 12 -64 12 -6 lb ’ (2 ' 160) 

L 6 k (2 — (j>)ll -Gib (4 + 0)J?_ 

which is symmetric in nature. Note that when the shear related term 0 is neglected 
in Eqs. (2.157) and(2.160), the mass matrix and the stiffness matrix of the beam 
modelled using Timoshenko beam theory reduces to the mass and stiffness matrix 
of a Euler-Bernoulli beam as shown in the Eq. (2.20). 



2.2. 1.2 Finite Element Modeling of the Piezoelectric Element and 
the Piezoelectric Beam Element 

The finite element modeling of the piezoelectric element is carried out as follows. 
Piezoelectric elements can be used as sensors and actuators in flexible structures 
for sensing and actuating purposes on the host structure. The dimensions of the 
piezoelectric patch are given in Table 2.8. The piezo sensor-actuator pair is also 
modeled using the Timoshenko beam theory. Employing the same procedure similar 
to the regular beam element in the previous sub-section 2.2. 1:1, we get the equations 
of motion for the piezoelectric element as 

M p q + A p q = f p , (2.161) 

where M p , K p are the local mass, stiffness matrices of the piezoelectric element or 
the elemental mass and stiffness matrices of size (4 x 4) and f p is the force vector 
of size (4 x 1). 

The mass matrix of the piezoelectric element is finally obtained as 

[M p ] = [M PpAp \ + [M PpIp ] . (2.162) 

Here, in Eq. (2.162), [M Pp a p ] and [M Pp / p ] is associated with the translational 
inertia and the rotary inertia of the piezoelectric element as 

(70 0 2 + 1470 + 78) (350 2 + 770 + 44) l -f 

r M i = P yA v i v (35 0 2 + 770 + 44) l -f (70 2 + 140 + 8) J 

L PpAp J 210(1+^2 ( 35 0 2 + 630 + 27) (350 2 + 630 + 26) l -f 

_ - (35 0 2 + 630 + 26) l f -(70 2 + 140 + 6)|- 

(350 2 + 630 + 27) -(350 2 + 630 + 26)^' 

(350 2 + 630 + 26) l f - (70 2 + 140 + 6) f 
7O0 2 + 1470 + 78) - (350 2 + 770 + 44) l f 

-(350 2 + 770 + 44)^ (70 2 + 140 + 8)$ 



(2.163) 
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and 

36 — (150 — 3)Z P 

-(15 0 - 3 )l p (10 0 2 + 5 0 + 4 )Z 2 
-36 (150 — 3)Z P 

-(150-3)Z P (50 2 - 50 - 1)Z 2 

-36 (150 — 3 )l p 

(150 - 3 )l p (50 2 - 50 - 1)Z 2 
36 (150 - 3)Z P 

(150 — 3)Z P (1O0 2 + 50 + 4)Z 2 



[M, 



Pplp 



Pplp 

3o(T TWh 



(2.164) 



Similarly, we obtain the stiffness matrix ^P lezo J Q f the piezoelectric element as 



K p = 



Eplp 
(1 + <j>)lp 



12 6 l p -12 6 l p 

6 l p (4 + 0)Z 2 -6 l p (2 - 0)Z 2 
-12 — 6Z P 12 — 6Z P 

6Z P (2 - 0)Z 2 — 6Z P (4 + 0)Z 2 



(2.165) 



From the above discussions, we see that when the shear related term 0 is ne- 
glected in the piezoelectric elements, the mass matrix in Eq. (2.163) and the stiffness 
matrix in Eq. (2.165) reduce to the mass and stiffness matrix of the piezoelectric 
material modelled with EB theory as given in the Eqs. (2.22) and (2.23). 



The regular beam element and the piezoelectric beam element (top piezo patch 
+ middle regular beam element + bottom piezo patch) are shown in Fig. 2.7. The 
piezoelectric beam element (top piezo patch + middle beam element + bottom piezo 
patch) is obtained by sandwiching the regular beam element in between a layer of 
2 thin piezoelectric patches of thickness t a or t s as a collocated pair. Collocated 
piezoelectric sensor / actuators are used because they are supposed to be more ro- 
bust (against parameter uncertainty) under feedback control action. The bottom 
layer acts as the sensor and the top layer acts as an actuator. At the same time, 
collocated piezo pairs improves the gain margin and phase margin of the feedback 
controller. 



The mass matrix for the piezoelectric beam element is obtained by replacing 
the term p p A p in Eq. (2.163) by pA = b(pbtb + 2 p p t p ) and p p I p in Eq. (2.164) 
by pi = b{pblb + 2 Pplp). Here, pA is called as the mass/unit length. From this, 
it is evident that the mass of the PE beam element is twice the mass of the PE 
element + mass of the regular beam element. Thus, the mass of the piezoelectric 
beam element is given by 

[M] = [M 6 ] + [2 M p ] . (2.166) 

The stiffness matrix for the piezoelectric beam element is obtained by replacing 
the term E P I P in Eq. (2.165) by El = Eblb + 2E P I P . Here, El is called as the flexural 
rigidity. From this, it is evident that the stiffness of the PE beam element is twice 
the stiffness of the PE element + stiffness of the regular beam element. Thus, the 
stiffness of the piezoelectric beam element is given by 

[K\ = [A 6 ] + [2 K p } . 



(2.167) 
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The mass and stiffness M and K of the piezoelectric elements and that of the 
piezoelectric beam elements are of the same size as that of the regular beam el- 
ement. Note that the assembly of the regular beam element and the piezoelectric 
element can be done by adding the matrices of the regular beam element and the 
two matrices of the piezoelectric elements as given in Eqs. (2.166) and (2.167). It is 
assumed that there is continuity of shear stress at the interface of the piezo patches 
and the substrate beam and the rotations and displacements are the same in all the 
layers of the structure. 

NOTE: 

• The modeling of the piezoelectric strain rate sensors and actuators (sensor- 
actuator equations) is carried out on the similar lines as shown in the Section 
2.1. 1:4. 

• The dynamic equation of the smart structure, the SISO state space model of 
the smart structure is also obtained on the similar lines as discussed in Section 
2.1. 1:5 and 2.1. 1:6. 

• Finally, the SISO state state space model of the smart structure modelled with 
finite element method and Timoshenko beam theory is given by Eq. (2.70)-(2.72) 
for 2 vibratory modes and Eqs. (2.84) - (2.86) for 3 vibratory modes. 
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Fig. 2.7. Smart Timoshenko beam divided into 4 finite elements (piezo-patch placed 
at positions 1, 2, 3 and 4) - 4 SISO models 
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2. 2. 1.3 State Space Models of the Smart Timoshenko Beam 

(i) State space model for 2 vibratory modes: (piezo position 
varied from fixed end to free end) 

The cantilever beam is divided into 4 FE with piezo-patches bonded to the master 
structure as collocated sensor / actuator pairs at FE locations 1 or 2 or 3 or 4, 
thus giving rise to 4 SISO models of the same smart structure plant as shown in 
the Fig. 2.7(a)-(d). The 4 SISO models are obtained by varying the location of the 
sensor-actuator pair from the fixed end to the free end [73], [112]. 

State space model of the smart cantilever beam with sensor / actuator placed 
at FE position 1 (fixed end) as shown in Fig. 2.7(a) is given by 

X = Ai4 x(t) + B 14 u(t) + E 14 r(t) and y(t) = Cf 4 x(t) + D14 u(t) (2.168) 

with 

0 0 0.0000 0 1 [O' 

6 0 0 0 0.0000 _ 0 

A i4 - tu _ 0 0278 - 0.0000 - 0.0000 - 0.0000 ’ Ul4 “ - 0.0006 ’ 

- 0.0000 - 1.0435 - 0.0000 - 0.0000 J L ^ 0 - 0024 



C14 = [ 0 0 -0.8440 2.6244] , D i4 = 0, E w 



State space model of the smart cantilever beam with sensor / actuator placed 
at FE position 2 (nearby fixed end) as shown in Fig. 2.7(b) is given by 

x = A24 x(f) + B24 u(t) + E24 r(t) and y(t) = C24 x(f) + D24 u(f) (2.169) 

with 

0 0 0.0000 0 1 [O' 

6 0 0 0 0.0000 _ 0 

24 _ U -0.0309 0.0000 -0.0000 0.0000 ’ 24 “ -0.0015 ’ 

0.0000 -1.1672 0.0000 -O.OOOoJ |_ 0.0018 




c 



T 

24 



[0 0 -0.5305 



— 3.2626] , D24 = 0, E24 =5 



0 

0 

0.8120 

0.7969 



State space model of the smart cantilever beam with sensor / actuator placed 
at FE position 3 (middle) as shown in Fig. 2.7(c) is given by 

x = A34 x(t) + B34 u(t) + E34 r(t) and y(t) = C34 x(t) + D34 u (t) ( 2 . 170 ) 



with 
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0 0 0.0000 0 
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A -1 r\S 


0 0 0 0.0000 




0 


a 34 = 10 


-0.0307 -0.0000 -0.0000 -0.0000 


, b 34 = 


-0.0019 




-0.0000 -1.1722 -0.0000 -0.0000 




-0.0035 



C34 = [0 0 -0.2236 - 4.1608] , D 34 = 0, E 34 



0 

0 

0.8107 

0.7966 



State space model of the smart cantilever beam with sensor / actuator placed 
at FE position 4 (free end) as shown in Fig. 2.7(d) is given by 

x = A 44 x(f) + B 44 u(t) + E 44 r(t) and y(t) = Cj 4 x(t) + D 44 u(f) (2.171) 

with 





0 


0 


0.0001 


0 




0 


A 1 /~v 3 


0 


0 


0 


0.0001 




0 


A44 10 


-0.0305 0.0000 


-0.0000 


0.0000 


, b 44 = 


-0.0021 




0.0000 -1.1639 


0.0000 


-0.0000 




-0.0069 



Cj 4 = 10 -4 [0 0 -0.0363 - 1.1161], D 44 = 0, E 44 



0 

0 

0.8086 

0.7893 



(ii) State space model for 3 vibratory modes: (piezo position 
varied from fixed end to free end) 



On the similar lines discussed in the above section 2.2. 1 :3(i) and in section 2.1.1:6(11), 
the state space model for 3 vibratory modes for the 4 SISO models of the Fig. 2.7 
are given by 



Model 1 : A 44 



10 ° 



0 0 0 0.0000 0 0 
0 0 0 0 0.0000 0 
0 0 0 0 0 0.0000 
-0.0278 -0.0000 -0.0000 -0.0000 -0.0000 -0.0000 
-0.0000 -1.0435 0.0000 -0.0000 -0.0000 0.0000 
-0.0000 0.0000 -7.8100 -0.0000 0.0000 



- 0.0001 

(2.172) 



cf 4 = [0 0 0 -0.8440 2.6244 -1.9399] , B i4 



0 




' 0 ' 


0 




0 


0 


, E 44 = 


0 


-0.0006 


0.7672 


0.0024 




0.7505 


-0.0041 




0.7286 
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Model 2 : A 24 = 10° 



0 


0 


0 


0.0000 


0 


0 


0 


0 


0 


0 


0.0000 


0 


0 


0 


0 


0 


0 


0.0000 


-0.0309 


0.0000 


- 0.0000 


- 0.0000 


0.0000 


- 0.0000 


0.0000 


-1.1672 


0.0000 


0.0000 


- 0.0000 


0.0000 


- 0.0000 


0.0000 


-8.7630 


- 0.0000 


0.0000 


-0.0001 



(2.173) 



Model 3 : A 34 = 10 b 









0 




' 0 ' 








0 




0 


3.2626 8.5763] , 


B24 = 


0 

-0.0015 


, E 24 = 


0 

0.8120 








0.0018 




0.7969 








_ 0.0040 _ 




_ 0.7727 _ 


0 


0 


0 


0.0000 


0 


0 


0 


0 


0 


0 


0.0000 


0 


0 


0 


0 


0 


0 


0.0000 



-0.0307 -0.0000 -0.0000 -0.0000 -0.0000 -0.0000 
-0.0000 -1.1722 -0.0000 -0.0000 -0.0000 -0.0000 
-0.0000 -0.0000 -8.7883 -0.0000 -0.0000 -0.0001 



(2.174) 



CL = 



Model 4 : A 44 = 10 









0 




' 0 ' 








0 




0 


.1608 


-9.4795] ; 


B 34 = 


0 

-0.0019 


, E 34 = 


0 

0.8107 








-0.0035 




0.7966 








_ 0.0038 _ 




_0.7747_ 


0 


0 


0 


0.0000 


0 


0 


0 


0 


0 


0 


0.0000 


0 


0 


0 


0 


0 


0 0.0000 



-0.0305 0.0000 0.0000 

0.0000 -1.1639 0.0000 
0.0000 0.0000 -8.7653 



- 0.0000 0.0000 



0.0000 - 0.0000 
0.0000 



0.0000 
0.0000 
0.0000 - 0.0001 



(2.175) 



C 44 = [0 0 0 -0.0363 -1.1161 -6.5536] , B 44 = 



0 




' 0 ' 


0 




0 


0 


, E 44 = 


0 


- 0.0021 


0.8086 


-0.0069 




0.7893 


-0.0093 




0.7656 



(iii) State space model for 3 vibratory modes with different aspect 
ratios : 

The cantilever beam is divided into 4 FE with piezo patches bonded to the master 
structure as collocated sensor / actuator pairs placed at FE location number 2 only 
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as shown in the Fig. 2.7(b). The state space representation of the cantilever beam 
with surface mounted sensor / actuator in Eqs. (2.85) and (2.86) is obtained by 
using 3 regular beam elements and 1 piezoelectric beam element. Different state 
space models (3 cases) of the beam are obtained by varying the length to thickness 
ratio from 8 to 15 (i.e., the aspect ratio) [74]. 

State space model of the smart cantilever beam with aspect ratio of 8 is given 
by 



x = As x(t) + Bg u(i) + Es r(t) and y(t) = Cs x(t) + Ds u(t) (2.176) 



with 



A 8 = 10 8 



0 0 0 0.0000 

0 0 0 0 

0 0 0 0 

-0.0155 0.0000 -0.0000 -0.0000 
0.0000 -0.5836 -0.0000 0.0000 
-0.0000 -0.0000 -4.3279 -0.0000 



0 0 
0.0000 0 
0 0.0000 
0.0000 - 0.0000 
- 0.0001 - 0.0000 
-0.0000 -0.0004 



0 




0 


0 




0 


0 


, Ds = 0, Es = 


0 


0.0003 


-8.1298 


-0.0013 




-7.9431 


_ — 0.0022_ 




_ 7.6418 _ 



Cg = [0 0 0 0.3402 -0.7811 0.6556] . 



by 



State space model of the smart cantilever beam with aspect ratio of 10 is given 



x = Aio x(f) + Bio u (t) + Eio r(t) and y(t) = C^ 0 x(f) + Dio u(f) 



(2.177) 



with 



Aio 



0 


0 


0 


0.0000 


0 


0 


0 


0 


0 


0 


0.0000 


0 


0 


0 


0 


0 


0 


0.0000 


-0.0099 


0.0000 


-0.0000 -0.0000 


0.0000 


-0.0000 


0.0000 


-0.3792 


0.0000 


0.0000 


-0.0000 


0.0000 


-0.0000 


0.0000 


-2.8641 -0.0000 


0.0000 


-0.0003 



0 ' 




' 0 ' 


0 




0 


0 


, Dio = 0, Eio = 


0 


-0.0003 


9.0991 


0.0011 




8.9608 


-0.0020 




8.7426 
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Cio = [0 0 0 -0.3047 0.7019 0.6315] . 



by 



State space model of the smart cantilever beam with aspect ratio of 15 is given 



x = A15 x(f) + Bis u (t) + Ei 5 r(t) and y(t ) = C^ 5 x(t) + Di 5 u(t) (2.178) 



with 



A15 



10 s 



0 0 0 0.0000 

0 0 0 0 

0 0 0 0 

-0.0044 -0.0000 0.0000 -0.0000 
-0.0000 -0.1711 -0.0000 -0.0000 
0.0000 -0.0000 -1.3169 0.0000 



0 0 

0.0000 0 

0 0.0000 

- 0.0000 0.0000 

- 0.0000 - 0.0000 

- 0.0000 - 0.0001 



0 




0 


0 




0 


0 

-0.0002 


, D 15 = 0, El5 = 10 2 


0 

11.1571 


-0.0009 




-11.0714 


0.0017 




-10.9550 



cfs = [0 0 0 -0.2491 -0.5758 -0.5568] . 



Control of these developed SISO state space models of the smart beam with 
different aspect ratios is obtained using fast output sampling feedback control law 
which is discussed in the subsequent chapters [74]. 

2.2. 1.4 Justification of the Use of Timoshenko Beam Theory 

The state space representation of the cantilever beam with surface mounted sensor 
/ actuator in Eqs. (2.85) and (2.86) for 3 vibratory modes is obtained by using 3 
regular beam elements and 1 piezoelectric beam element placed at finite element 
position 2 as shown in Fig. 2.7(b). Different state space models of the system are 
obtained by varying the length to thickness ratio from 8 to 15. The length of the 
beam is kept constant at 20 cm and the thickness is varied to change the aspect ratio. 
The width of the beam is taken as 3 cm. The first 3 natural frequencies of the 3 SISO 
models in (2.176) - (2.178) were calculated and compared with the corresponding 
natural frequencies obtained using the Euler-Bernoulli beam model. Figs. 2.8 to 
2.10 show the variation of the first 3 natural frequencies of both Timoshenko and 
Euler-Bernoulli beam models with change in the length to thickness ratio. 

It is clear from Fig. 2.8 that the first natural frequency predicted by both the 
theories is almost the same. Since many modes contribute to a structure’s response, 
it can be inferred from Figs. 2.9 and 2.10 that there is a large difference in the second 
and third natural frequencies predicted by Timoshenko and Euler-Bernoulli beam 
theories especially for small length to thickness ratios (aspect ratio < 10). Thus, 
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Fig. 2.8. Variation of first natural frequency with length / thickness ratio 




Fig. 2.9. Variation of second natural frequency with length / thickness ratio 




Fig. 2.10. Variation of third natural frequency with length / thickness ratio 
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the Timoshenko beam theory can predict the dynamic characteristics of the beam 
more accurately over the entire range of length by thickness ratio. Since Timoshenko 
beam model is closer to the actual model, it is used as the basis for controller design 
in our research work and the mathematical model obtained can be closer to an exact 
one. 



2.2.2 Modeling of Smart Beams with Surface Mounted 
Sensors- Actuators for a MIMO Case 



The dynamic equation of the smart structure, the multivariable state space model 
of the smart structure is also obtained on the similar lines as discussed in Section 
2. 1.2:1 and 2. 1.2:2 for Euler-Bernoulli beams. Finally, the state state space model of 
the MIMO system with 2 inputs and 2 outputs is given by Eqs. (2.93) and (2.101) 
for 2 vibratory modes and Eqs. (2.103) and (2.104) for 3 vibratory modes with 



0 


0 


0.0000 


0 ' 




0 


0 ' 


0 


0 


0 


0.0000 


, B = 


0 


0 


-0.0306 0.0000 


- 0.0000 


0.0000 


-0.0015 


-0.0021 


_ 0.0000 -1.1637 


0.0000 


- 0.0000 




0.0018 


-0.0069 



C T 



0 0 -0.5283 -3.2544 

0 0 -0.0364 -1.1176 



0 

0 

8.0789 ’ 
7.9017 



(2.179) 



D = a null matrix 



and 



A = l.Oe + 006 * 
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0 


0 


0.0000 


0 


0 


0 


0 


0 


0 


0.0000 


0 


0 


0 


0 


0 


0 


0.0000 


-0.0306 


0.0000 


0.0000 


- 0.0000 


0.0000 


0.0000 


0.0000 


-1.1637 


- 0.0000 


0.0000 


- 0.0000 


- 0.0000 


0.0000 


- 0.0000 


-8.7691 


0.0000 


- 0.0000 


-0.0001 



0 


0 




' 0 ' 


0 


0 




0 


0 


0 


o’ 

II 

Q 


0 


-0.0015 


-0.0021 


8.0789 


0.0018 


-0.0069 




7.9017 


_ 0.0040 


-0.0093 _ 




_ 7.6568 _ 



C T 



0 0 0 -0.5283 -3.2544 8.5826 
0 0 0 -0.0364 -1.1176 -6.5556 



(2.180) 



By making 2 piezoelectric elements as active sensors / actuators at a time and 
by making other elements as regular beam elements, control of this MIMO state 
space model is obtained using various control techniques which is considered in the 
subsequent chapters. The characteristics of the smart cantilever beam as MIMO 
system are given in Tables 2.9 and 2.10 for 2 and 3 vibratory modes respectively. 
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Table 2.9. Characteristics of the smart Timoshenko beam with surface mounted 
sensor/actuator (2 inputs and 2 outputs)-2 modes 



Position of 


Eigen 


Natural 


sensor / actuator 


values 


frequencies (Hz) 




-0.12 ± j 24.74 


3.9369 


2, 4 


-4.65 ± j 152.49 


24.2689 



Table 2.10. Characteristics of the smart Timoshenko beam with surface mounted 
sensor/actuator (2 inputs and 2 outputs)-3 modes 



Position of 


Eigen 


Natural 


sensor / actuator 


values 


frequencies (Hz) 




-0.12 ± j 24.74 


3.9369 


2,4 


-4.65 ± j 152.49 


24.2689 




-35.08 ± j 417.32 


66.4179 



2.2.3 Modeling of Smart Timoshenko Cantilever Beam with 
Embedded Shear Sensors and Actuators as SISO and MIMO 
Systems 

Many researchers have well established a mathematical finite element E-B model. 
These models do not consider the shear effects, axial effects, rotary inertia, etc.,. 
Modeling of embedded smart structures using shear deformable (Timoshenko) the- 
ory is limited. In this section, the effect of shear and axial displacement has been 
considered in the modeling [43] of sandwiched beams. A state space model of the 
smart beam with embedded shear sensors and actuators is presented in this context 
and its application in active vibration control is investigated [45]. 

Accurate model of the system is obtained when the shear effects and the ax- 
ial displacement of the beam is considered in modeling of the smart structure [44]. 
Embedded shear sensors and actuators have been considered in this section instead 
of the surface mounted sensors and actuators for vibration suppression of beams 
because of lot of advantages over the latter since the surface bounded sensors and 
actuators are likely to be damaged by contact with the surrounding objects, envi- 
ronmental effects, stray noise pickups, thermal effects, magnetic fields, radio inter- 
ference, etc., [30]. 

To overcome these problems, an adaptive sandwiched structure consisting of 
an axially poled piezoelectric core, sandwiched in between 2 thick aluminum beam 
layers can be used. Such actuators which are used in between the 2 beam layers are 
known as shear actuators. Once an electric held is applied to it, the piezoelectric will 
produce a shear deformation, which is the driving force for the transverse deflection 
of the structure. 
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2.2.3. 1 Finite Element Modeling of the Sandwiched Beam Element 

A sandwiched beam (piezo-laminated sandwiched beam) is shown in the Fig. 2.11 
and consists of 3 layers, i.e., the piezo-patch with the rigid foam sandwiched in 
between two thick aluminum beam layers. The shear PZT layer functions as sensor or 
as actuator in the thickness shear mode. For shear actuation, rigid foam is introduced 
as a core along with PZT to obtain an equivalent sandwiched model. 

The assumption made is that the middle layer is perfectly glued to the carrying 
structure and the thickness of the adhesive is neglected (thus, neglecting the effect of 
shear-lag, no slippage or delamination between the core layers during vibrations) as 
a result of which strong coupling exists between the master structure and the piezo- 
patches. The perfect bonding or the adhesive between the beam and the sensor / 
actuator and the bottom and top surfaces of the upper and lower aluminum beam 
have been assumed to add no mass or stiffness to the sensor / actuator. 



z, w 




Fig. 2.11. The geometry of a 3 layered laminated beam with shear mode actuators 
and sensors and with the stacking sequence AL / PZT / AL 



For the parts without piezoelectrics, the extra space at places where no piezo- 
electrics is present is being packed up fully with a non-structural material like rigid 
foam. There is strong coupling between the rigid foam and the structure. The beam is 
stacked properly and then used as a sandwiched structure for AVC. Thus, sandwich 
structures consisting of sheets and a relatively light-weight core such as honeycomb 
or rigid foam are highly efficient in producing bending and shear [32], [36]. 

In the modeling of the structure, the poling direction of the piezoelectric patch 
is done along the (axial) direction. The displacement held is based on a first order 
shear deformation theory. The element has constant moment of inertia, modulus of 
elasticity, mass density and length. The cable capacitance between sensor and signal- 
conditioning device has been considered negligible and the temperature effects have 
been neglected. The signal conditioning device gain is assumed as 100. 

Consider a 2 node beam element as shown in Fig. 2.11. The longitudinal axis 
of the sandwiched beam element lies along the rr-axis and the beam is subjected to 
vibrations in the x — z plane. The beam element is assumed to have three structural 
DOF, viz., w, 6 and u at each node, where w is the transverse displacement, 9 is the 
bending rotation and u is the axial displacement of the node. A bending moment and 
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Table 2.11. Properties of the aluminum cantilever Timoshenko beam 



Parameter (with units) 


Symbols 


Numerical Values 


Length (cm) 


u 


20 


Width (cm) 


b 


2 


Thickness of the top layer and 
bottom aluminum beam layers (mm) 


tb 


1 


Young’s Modulus ( GPa ) 


E b 


193.06 


Density (Kg/m 3 ) 


Pb 


8030 


Damping Constants 


a, 13 


0.001,0.0001 



Table 2.12. Properties of the piezoelectric shear sensor and actuator when the 
beam is divided into 5 FE 



Parameter (with units) 


Symbols 


Numerical Values 


Length (cm) 


Ip 


4 


Width (cm) 


c 


2 


Thickness (mm) 


ta 5 ts 


1 


Young’s Modulus (GPa) 


E p 


84.1 


Density (Kg/m 3 ) 


Pv 


7900 


Piezoelectric strain constant (m/V) 


d,2,i 


-274.8 x 10" 12 



a transverse shear force acts at each nodal point. The slope of the beam <j>(x) consists 
of 2 parts, viz., the bending slope and the other, additional shear deformation 
angle 'y(x). An additional DOF, called as the electrical DOF (sensor voltage) comes 
into picture. Since the voltage is constant over the electrode, the number of electrical 
DOF is one for each element. 

The equations of motion of a general piezo-laminated composite beam is obtained 
as follows [30], [43], [45]. The displacements of the beam u(x) and w(x) can be written 
as 

u(x, z) = uo(x) + z9(x, t), w(x,z)=w o(x), (2.181) 

where uo(*) and wo(x) are the axial and transverse displacements of the point at 
the mid-plane assuming that there is incompressibility in the z direction and 9(x) 
is the bending rotation of the normal to the mid-plane, i.e., rotation of the beam 
about the y axis [104]. The strain components of the beam are given as 



£x 



duo 89 
dx 2 dx ’ 



= 0 , 



_ du dwo _ 
'yxz — v t - - x — 
ox Ox 




(2.182) 



where e x , e z are the mechanical normal strain and transverse shear strain, being 
the shear strain induced in the piezoelectric layer. The beam constitutive equations 
can be written as 
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' N x ' 




'An Bn 0 




duo 

dx 




Bn 


Mx 

Qxz 




Bn Bn 0 

0 0 A55 




1 




B n 

_ G55 ^ 



where 



fh /2 


fh /2 


fh /2 


/ cox dz, M x = 


I CCTxZdz, Qxz —■ 


I C Txz dz 


J-h /2 


l-h /2 


l-h /2 



(2.183) 



(2.184) 



Here, a x = Q tl s x and r xz = Q 55 "ixz are the normal and shear stresses respec- 
tively and c is the width of the beam, z is the depth of the material point measured 
from the beam reference plane along the vertical axis, h is the height of the beam + 
piezo patch, i.e., the thickness of the total structure which includes tb, t a , t s , (thick- 
ness of the beam, thickness of the actuator and thickness of the sensor). N x , M x , 
Qxz are the internal forces acting on the cross section of the beam and are the axial 
force, bending moment and the shear force respectively. An, Bn, D n and A55 are 
the extensional, bending-extensional, bending and transverse shear stiffness coeffi- 
cients. These are defined according to the lamination theory of composites [30] , [43] 
as 



Mi = {Qn) k («fc - 2fc-i) , -Bn = ^5Z(Qn) fc (zfc-Zfc-i) > ( 2 - 185 ) 



N N 

D 11 = | ^2 (Qn) k («fc - d-i) , A 55 = {Qss) k (zk ~ Zk-i) ■ (2.186) 

° k = 1 k = 1 

Here, in Eqs. (2.185) and (2.186), Zk is the distance of the k th layer from the 
*-axis, N is the number of layers, K is the shear correction factor, usually taken 
equal to | and Q 11; Q 55 are calculated [113] according to the equations using the 
material properties of the piezoelectric material as given by [30], [43] 



Q n = Qncos 4 A + Q 22 sin 4 \ + 2 (Q 12 + 1Q66) sin 2 \ cos 2 A, (2.187) 



Q 55 = Gi 3 cos 2 A + G 23 sin 2 A. (2.188) 

The angle A is the angle between the fiber direction and the longitudinal axis 
of the beam. The material constants Q 11 , Q 22 , Q 12 , Q 66, Q 13 and Q 23 for foam, 
aluminum and piezoelectric material are calculated using the formulas given in the 
Appendix II. These constants are used to calculate the values of An, Bn, Bn and 
A55 using Eqs. (2.185) to (2.188). Bn, Bn and G55 in Eq. (2.183) are the actuator 
induced piezoelectric axial force, bending moment due to the constrained actuators 
and the shear force respectively, defined [30], [43] as 



Bn=c^(Q n )“ V k (x,t)d k 31 

k= 1 



(2.189) 



JV a 

IE («..>; V k (x, t) d 3 \ (zt+ - z^-) , 

Z k= 1 



(2.190) 
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N a 

G 5 5 -«=cK^(Q 65 )“ V k (x,t)d k 15 . (2.191) 

k = 1 

Since the piezoelectric layer is poled in the axial direction, En = Fu = 0. 
V k (x, t) is the applied voltage to the k th actuator having a thickness of (z£_|_ — z^._) 
and d k x, d k 5 are the piezoelectric constants. (Qn)^ and (<5 55 )™ are the coefficients of 
the actuators calculated using the Eqs. (2.187) and (2.188) and using the material 
properties of the piezoelectric material. N a is the number of actuators, where ‘a’ 
stands for w.r.t. ‘actuator’. Using the Hamilton’s principle (total strain energy is 
equal to the sum of the change in the kinetic energy + the work done due to the 
external forces, we get 



*2 4 

m = ff (su 

1 1 o 



ST + SW) dx dt, 



(2.192) 



where T is the kinetic energy, U is the strain energy, W is the external work done, 
lb is the length of the beam element and t is the time. 

The strain energy U of the beam element is given by 



rrr Ar fd5U\ fd56\ „ (. 

SU — N x ( ) + M x ( ~ ) + Qxz f 9 



d5w\ 
dx ) 



The kinetic energy of the beam element is given by 

ST = (/iw + du + hw dw + u + I $ 6 ^ 89. 
The external work done (i.e., force x displacement) is given by 

SW = qo Sw, 



(2.193) 

(2.194) 

(2.195) 



where qo is the transverse distributed loading, which is nothing but the external 
force text applied to the beam at its free end. 

Here, in Eq. (2.194), 7i, I 2 and I 3 are the mass inertia characteristics [114] of 
the cross-section of the beam defined as 



h = 



h /2 

/ 

-h /2 



pb dz, 



h /2 

I 2 = c / zpb dz, 

-h /2 



h /2 

I 3 = c / z 2 pb dz 

-h /2 



(2.196) 



(Ii, I 2 , h) = c J pb (l, z, z 2 ) dz, (2.197) 

-h! 

where pb is the mass density of each layer. 

Substituting the values of strain energy, kinetic energy and external work done 
from Eqs. (2.193), (2.194) and (2.195) into Eq. (2.192), we get the governing equa- 
tion of motion of a general shaped non-symmetric piezo-laminated beam with shear 
deformation and rotary inertia according to the first order shear deformation theory 
as 

l ( a ‘'£ + B " d i + E ") - 1 N + «] • < 2 - I98 > 
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d_ 

dx 



| A 55 ^ 9 + 



dw 

dx 



+ G 55 — P 



dw 



d_ 

dx 

which becomes 



_ du _ 9# . ., n 

B n — + Du + Fu ) — A 55 ( 0 + 



9m 



9* 
9w 
9a: 



}- 



= Qj. [ J i® + go] , 



— G 55 = 



dt 



hu + he ] , 



9a: 



90 \ 



^ Au^+Bii^ =0 



dx 



dx J 



(2.199) 

( 2 . 200 ) 

( 2 . 201 ) 



d_ 

dx 




— G 55 = 0, 



( 2 . 202 ) 

(2.203) 



for a static case and with constant properties of the beam. To facilitate the solution 
process for the coupled equations in Eqs. (2.201)-(2.203), the beam stiffness A 55 
and Du are assumed to be uniform and constant throughout the length of the 
beam [30], [43], [44], [45]. 

Note that the influence of shear-induced strains appears in the above-coupled 
equations of motion for constant properties in the top and bottom layers of the 
embedded aluminum beam [115]. Let 



w = ai + a 2X + a^x 2 + a 4X 3 , 


(2.204) 


9 = 61 + 62 ® + &3» 2 , 


(2.205) 


U = Cl + C2X + C3X 2 , 


(2.206) 


be the solutions of the Eqs. (2.201)-(2.203) where and a;, bj and Cj 


’s are the unknown 



coefficients ( i = 1, .., 4) and (j = 1, 2, 3) subject to the boundary conditions 



x = 0, w = Wl, 9 = 61 , u — Ml, 
x = lb, w = W 2 , 9 = 02 , u = U 2 , 



(2.207) 



where x is the local axial coordinate of the element. After applying boundary condi- 
tions from Eq. (2.207) into Eqs. (2.204)-(2.206), the unknown coefficients ai, bj and 
Cj ’s can be resolved. Since the axial displacement of a point not on the centerline is 
a linear function of 9 as well as u, the degree of the polynomial used for 9 must be 
the same as that used for u. 

Consequently, the degree of the polynomial used for w must be one order higher 
than those used for u and 9 in order to ensure compatibility. Therefore, the cubic 
polynomial used for the displacement w requires that quadratic functions be used for 
both axial displacement u and cross section rotation 9 in order to be consistent [116]. 
Then, substituting the found out unknown coefficients into Eqs. (2.204)-(2.206) and 
writing them in matrix form, we get the expression for the axial displacement, 
transverse displacement and the bending rotation in terms of nodal displacements 
and shape functions as [117] 



" Ml " 




"mi " 




"mi " 


Wl 




W 1 




Wl 


9i 

U 2 


, [w] = [N w ] 


9i 

U2 


II 


9i 

U2 


W2 




W2 




W2 


J2_ 




J2_ 




_ 6 > 2 _ 



[u] = [Ay 



(2.208) 
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where [Ad,], [Ad,], [Ad] are the mode shape functions due to the axial displacement, 
transverse displacement and due to the rotation or the slope, which are defined as 



[Ad] = [ Ad Ad N 3 Ad N 5 N 6 ] , (2.209) 

[N w }= [N 7 N 8 N g Ado] , (2.210) 

[Ad] = [Adi N 12 Ads Ni4 ] . (2.211) 

The elements of the shape functions in (2.209)-(2.211) are given in Appendix III. 
Writing the 3 shape functions Ad, N w and Ng in matrix form, we get the relation 
between the vector of inertial forces N and the vector of nodal displacements q 
(displacement field) as [N] = [S] [q] which is given by 





'/Vi 


n 2 


n 3 


n 4 


n 5 


N 6 


N = 


0 


n 7 


N s 


0 


n 9 


Ado 




0 


Nu 


N 12 


0 


N 13 


A^14 



Ml 

Wl 

6 i 

«2 

102 

02 



The mass matrix of the regular beam element is given by 




( 2 . 212 ) 



(2.213) 



where 



I = 



'/i 0 V 
0 h 0 
h 0 h 



(2.214) 



is the inertia matrix and 1 1 , 72, I 3 is given by Eqs. (2.196) and (2.197). The elemental 
mass matrix is given by [24] 




M\\ A /12 A7i3 A7i4 A7i5 
A f 2 1 A/22 A/23 A/24 A /25 A /26 
M31 A/32 A/33 A/34 M35 A/36 
A/41 A/42 A/43 A/44 A/45 A/46 
A/51 A/52 A/53 A/54 A/55 A/56 
A/61 A/62 A/63 A/64 A/65 A/66 



(2.215) 



Here, [A/ 6 ] is a symmetric matrix called as the local mass matrix of size (6x6), 
i.e. , the mass matrix of the small finite element [24], [118], [119]. The coefficients of 
the mass matrix are given in Appendix I. 

The stiffness matrix of the regular beam element is given by 



h 

[A' 6 ] = J [B] T [D][B]A b dx, 

0 



(2.216) 



where Ag is the area of cross section of the beam element and 




78 



2 Modeling of Smart Structures 



[B] 



d[N } 

dx ’ 



D = 



An Bn 0 

Bn Bn 0 

0 0 A55 



(2.217) 



The stiffness matrix after further simplifying Eq. (2.216) is given by [24] 
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K 12 
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K 2 i 


K 22 


k 23 


A 24 


a 25 


I < 26 
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k 32 
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A 43 
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a 46 
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A 53 


A 54 
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K 56 
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A'63 


a 64 


A 65 


I< 66 



Here, [A' 6 ] is a symmetric matrix called as the local stiffness matrix [24], [118], 
[119] of size (6x6), whose coefficients are given in Appendix I. The mass M b and 
stiffness matrix K b of the regular beam element are obtained using foam as the 
core between two facing thick aluminum layers. The mass and stiffness matrices 
of the piezoelectric beam element are obtained on the similar lines as discussed in 
the previous paragraphs and in Sections 2.2. 1:2 by using a shear piezoelectric patch 
between two facing thick aluminum layers as shown in Fig. 2.11 using the equations 
M = M p + 2 M b and K = K p + 2K b . 



2. 2. 3. 2 Sensor and Actuator Equations 

In this Section, modeling of the shear sensor and actuator is presented. 

Sensor equation 

When a force acts upon a piezoelectric material, electric field is produced [3], [6]. 
This effect, which is called as the direct piezoelectric effect, is used to calculate the 
output charge produced by the strain in the structure. The external field produced 
by the sensor is directly proportional to the strain rate. The charge q(t) accumulated 
on the piezoelectric sensor surfaces is given by the gauss law as 

<l(t) = II D 3 dA , (2.219) 

A 

where D 3 is the electric displacement in the thickness direction and A area of the 
shear PZT patches. If the poling is done along the axial direction of the sensors with 
the electrodes on the upper and lower surfaces, the electric displacement is given by 

D 3 = Q 33 d\5'y xz — ei (2.220) 

Using Eq. (2.220) in (2.219) and further simplifying gives 

q(t) = J ei 5 (e + ^) dA, (2.221) 

A 

where eis is the piezoelectric constant. On solving Eq. (2.221), we get 
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q{t) = ei 5 c 



6 ri 

-12 rt + ll 



-2 -l p ] 



Ml 

Wl 

di 

U2 

W2 

e 2 



( 2 . 222 ) 



Here, 



Ml 

Wl 

6i 

U2 

W2 

e 2 



= q is the vector of nodal displacements, i.e., the vector of axial 



displacement, transverse displacement and slopes at node 1 and node 2 respectively. 
The current induced by the sensor surface is obtained by differentiating the total 
charge accumulated on the sensor surface and is given by 

dq(t) 



i(t) = 



dt 



i(t) = eis c 



6 r/ 



— I2rj + lp 



[0 2 - l p 0 -2 - l p ] 



Ml 

Wl 

di 

U2 

W2 

02 



(2.223) 



(2.224) 



i.e., 



i(t) = eis c- 



6 rj 



[0 2 -l p 0 -2 -l p ] q. 



-1277 + /2 L “ “ - 1 ' (2 ’ 225) 

Since the PE sensor is used as a strain rate sensor, this current can be converted 
into the open circuit sensor voltage V s (t) using a signal-conditioning device with a 
gain of G c and applied to the actuator with the controller gain as 

V s {t) =G c i(t), (2.226) 

6 rj 



V s (t) = eis c- 



r G c [0 2 -l p 0 -2 -l p ] [q] . 



(2.227) 



-12 rt + ll 

V s (t) = p T q, (2.228) 

where q is the time derivative of the nodal coordinate vector (strain rate) and p T 
is a constant vector of size (1x6) for a 2 node beam element which depends on the 
type of sensor, its characteristics and its finite element location in the embedded 
structure and is given by 

6 ~i2v+ii [0 2 ~ lp 0 _2 (2 ' 229) 

The input voltage to the actuator is V a (t) and is given by 

V a (t) = Controller gain x V s (t), (2.230) 

V a (t) = Controller gain x ^ ^ 15 [0 2 -l p 0 -2 -l p ] q, (2.231) 

(— 12?7 + lp) 

Note that the sensor output voltage is a function of the second spatial derivative 
of the mode shape. 
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Actuator equation 



The strain produced in the piezoelectric layer is directly proportional to the electric 
potential applied to the layer and is given by [3], [6] 

7a :z OC Ef, (2.232) 

where -y xz is the shear strain in the piezoelectric layer and Ef is the electric potential 
applied to the actuator, which is given by Ef = j 2 -, where t p is the thickness of the 
shear PZT layer. Removing the constant of proportionality in Eq. (2.232), we get 

7a :z = dl5 Ef. (2.233) 



Since the ratio of shear stress to shear strain is the modulus of rigidity G, the 
shear stress is given by 

T X z — G 7xz ■ (2.234) 

Substituting the value of 7 xz from Eq. (2.233) into Eq. (2.234), we get 



Txz = Gdl5 Ef. 



(2.235) 



Thus, 



Txz — Gdl5 



V a 



(2.236) 



Because of this stress, bending moments are induced in the beam at the nodes. 
The resultant moment M a acting on the beam element is determined by integrating 
the stress throughout the structure thickness in Eq. (2.236). Finally, the resultant 
bending moment after simplification is given by 



M a = G dis V a (t) h = G dis K, 



p T q h, 



(2.237) 



where h = ( ta + tb ) is the distance from the neutral axis of the beam and the piezo- 
electric layer. The control force f c t,-i produced by the actuator that is applied on the 
beam elements is obtained by using Eq. (2.237) as 



fctrl = G dl 5 h / NgdxV a (t) 



. p 

/ 



(2.238) 



or can be expressed as 



fctrl =h V a (t), 



(2.239) 



where h is a constant vector of size (6 x 1) for a 2 node beam element and depends 
on the type of actuator and its finite element location in the embedded structure 
and dis is the piezoelectric strain constant. If any external forces described by the 
vector f ext are acting then, the total force vector becomes 






— f ext + fei 



( 2 . 240 ) 
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2. 2. 3. 3 Dynamic Equation and the State Space Model of the 
Smart Structure for a SISO Case 

So far, we have discussed the mass and stiffness of regular beam elements and that 
of the piezoelectric beam elements, which are called as the local matrices. Now, to 
obtain the equation of motion of the entire structure, consider the Fig. 2.12 in which 
the beam is divided into 5 FE and the shear actuator is placed at FE 1 whereas 
the sensor is placed at FE position 4. The dynamic equation of the embedded smart 
structure model (1 input and 1 output) is derived on the similar lines as explained 
in Section 2. 1.1:5 by considering the the first 3 vibratory modes [76] and is given by 

M*g + C*g + K*g = f* xt + (2.241) 

where the generalized matrices (mass, stiffness, structural damping) are of size (3 x 3) 
and the force vectors f* xt and f* trl of sizes (3x1). The state space model is also 
obtained on the similar lines as explained in Section 2.1.1:6(11) and is given by 



' X\ 
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* — 1 rr\T . 



M* _I T J f 



2/(f)=[0 p T T ] 
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X2 

X3 

Xi 

XS 

Xq 



r{t) 

(2.242) 

(2.243) 



where the modal matrix T is of size (30 x 3) and the constant vectors p T , h are of 
sizes (1 x 30), (30 x 1) and the force vector f of size (30 x 1) respectively. 

The two equations (2.242) and (2.243) can be written in compact form as 



x = Ax(f) + Bu(t) + Er(t), y(t) = C T x(t) + D u (t), (2.244) 



where the state space matrices A, B, C, D, E are of sizes (6 x 6), (6 x 1), (1 x 6), 
Null matrix and (6 x 1). A cantilever beam of suitable dimensions as shown in Tables 
2.11 and 2.12 is considered. The beam is divided into 5 FE and shear PZT’s are 
embedded into the sandwiched structure as sensor / actuator [75], [76] at only one 
discrete location as non-collocated pair. 

The actuator is sandwiched in between the 2 aluminum beam layers at finite 
element position 1 and the sensor is moved from the second position to the fifth 
position, thus giving rise to 4 SISO models of the same plant as shown in Figs. 
(2.12)(a)-(d). These models are obtained using the theory of piezoelectric bonding, 
the Timoshenko beam theory, FEM technique and the state space techniques by 
considering the first 3 vibratory modes wi, ui 2 and u >3 [30], [43], [45]. An external 
force input f ex t is applied at the free end of the beam for all the 4 SISO models of 
the smart structure plant. There are 2 inputs to the plant. One is the external force 
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(a) Smart composite beam with actuator at (b) Smart composite beam with ac- 
FE 1, sensor at 2 tuator at FE 1, sensor at 3 





(c) Smart composite beam with ac- (d) Smart composite beam with actuator 
tuator at FE 1, sensor at 4 at FE 1, sensor at 5 

Fig. 2.12. Smart sandwiched embedded Timoshenko beam divided into 5 finite 
elements (piezo-patch placed at positions 1, 2, 3 and 4) - 4 SISO models 



input { ex t, which is taken as a load matrix of 1 unit in the simulation. The other 
input is the control input u to the actuator from the controller. 

The values of the A, B, C, D, E matrices for the model 1 with actuator at FE 
1 and sensor at FE 2 of the smart beam as shown in Fig. 2.12(a) is given by 
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D = Null matrix, B 



le- 4 



0 

0 

0 

0.2346 ’ 

-0.0000 
-0.8647 



(2.245) 



C T =[0 0 0 - 0.0001 0.0000 0.0014], 



The characteristics of the smart cantilever beam with embedded non-collocated 
sensor and actuator as SISO system is given in Table 2.13. Similarly, the state space 
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Table 2.13. Characteristics of smart embedded beam as a SISO system - Model 1 



Eigen values 


Natural frequencies (Hz) 


-0.5344 ± j 326.92 


52.0312 


-1.8648 ± j 610.71 


97.1970 


-4.1968 ± j 916.16 


145.8111 



models of the remaining 3 models and their characteristics are obtained. By making 
one pair of piezoelectric elements as non-collocated active sensors / actuator at a 
time and by making other elements as regular elements, control of these 4 SISO state 
space models are obtained using various types of control laws which are considered 
in the subsequent Chapters. 

2 . 2 . 3. 4 Dynamic Equation and the State Space Model of the 
Smart Structure for a MIMO Case 

The dynamic equation of the MIMO model for the embedded case with 2 inputs 
and 2 outputs is derived on the similar lines as explained in section 2. 1.2:1 and is 
given by 

M*g + C*g + K*g = f* xt + f * trl ! + +f*t r i2, (2.246) 

where the generalized matrices (mass, stiffness, structural damping) are of size (3 x 3) 
and the force vectors f * xt and f* trl { of sizes (3 x 1). The state space model is also 
obtained on the similar lines as explained in section 2. 1.2:2 for 3 vibratory modes 
and is given by 
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(2.247) 



(2.248) 



where the modal matrix T is of size (30 x 3) and the constant vectors pj , hi are of 
sizes (lx 30), (30 x 1) and the force vector f of size (30 x 1) respectively. 

The two equations (2.247) and (2.248) can be written in compact form as 



x = A x(f) + Bu(t) + E r(t), y(t) = C T x(t) + D u (t), 



(2.249) 
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Fig. 2.13. A smart sandwiched embedded beam as a MIMO system with 2 inputs 
and outputs 



where the state space matrices A, B, C, D, E are of sizes (6 x 6), (6 x 2), (2 x 6), 
Null matrix and (6 x 1). 

A cantilever beam of suitable dimensions as given in Table 2.11 along with the 
PZT properties in Table 2.12 is considered. The beam is divided into 8 finite elements 
and shear PZT’s are embedded into the master structure as sensors / actuators 
as shown in the Fig. 2.13. The actuators are sandwiched in between the 2 thick 
aluminum beam layers at finite element positions 2 and 4, whereas the sensors are 
placed at finite element positions 6 and 8, thus giving rise to a single multivariable 
model with 2 inputs and 2 outputs. 

The MIMO model is obtained using the theory of piezoelectric bonding, the Tim- 
oshenko beam theory, FEM technique and the state space techniques by considering 
the first 3 dominant vibratory modes u )\ , u > 2 and u>s [30] , [43] , [44] , [45] . An external 
force input f t ,xt is applied at the free end of the beam. There are three inputs to 
the plant. One is the external force input f ex t which creates the disturbance and is 
taken as a load matrix of 1 unit in the simulation. The other inputs are the control 
inputs Mi and 112 to the actuators from the controller. 

The values of the A, B, C, D, E matrices for the MIMO state space model of 
the smart structure is given by 
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(2.250) 
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Table 2.14. Characteristics of the smart embedded beam for as a MIMO system 



Eigen values 


Natural frequencies (Hz) 


- 0.3 ± j 246.43 


39.2205 


- 1.07 ± j 461.97 


73.5245 


- 2.7 ± j 734.23 


116.8571 



0 
0 
0 

0.0011 ' 

0.0000 

0.0031 _ 

The characteristics of the smart cantilever beam as a MIMO system with the 
embedded non-collocated sensor and actuator pairs are given in Table 2.14. Control 
of this developed MIMO state space model is obtained using the multirate output 
feedback control techniques which is considered in the subsequent chapters. 

2.2.4 Conclusions 

Smart cantilever beam model containing piezoelectrics as surface mounted sensor / 
actuator is developed using the finite element method from which the state space 
model of the smart beam is obtained. This modeling approach allows us to place 
the sensor / actuator as collocated pairs at any desired location along the length 
of the beam by varying its position from the fixed end to the free end. Inclusion 
of sensor / actuator mass and stiffness and by positioning the sensor / actuator 
at different locations along the beam leads to various state space models and study 
their performance characteristics when subjected to a external disturbance with and 
without the controller. 

The case of modeling a smart structure with more than one piezoelectric sensor 
/ actuator at discrete locations is also dealt with in this modeling procedure. Some 
of the limitations of the Euler-Bernoulli theory such as the neglection of shear, 
rotary inertia and axial displacement are being considered here while modeling the 
beam. Embedded shear sensors and actuators have been considered in this chapter 
instead of the surface mounted sensors and actuators for vibration suppression of 
cantilever beams because of lot of advantages. Timoshenko beam theory corrects 
the simplifying assumptions made in Euler-Bernoulli beam theory and the model 
obtained can be closer to a exact one. These developed state space models are 
further used for designing the controllers in the subsequent chapters for vibration 
suppression of adaptive structures. 



D = Null matrix, B = le — 4 
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Periodic Output Feedback Controllers for 
Smart Structures 



In this Chapter, we develop various types of control strategies for SISO and MIMO 
models of smart structure developed in the Chapter 2 using the Periodic Output 
Feedback (POF) control law, a type of multirate output feedback (MROF) tech- 
nique. The various types of developed control strategies are used to control the 
vibrations of beams when they are subjected to an external disturbance (impulse or 
sinusoidal) at the free end of the cantilever beam. In the first part of this Chapter, 
the design of POF controllers for the active vibration suppression of flexible can- 
tilever beams modelled with Euler- Bernoulli beam theory is discussed, while in the 
latter part of this Chapter, the design of POF controllers for the active vibration 
suppression of thick beams modelled with Timoshenko beam theory is presented. 
The performance of all the designed controllers are evaluated for AVC by observing 
the various responses. The results are compared and conclusions are finally drawn. 



3.1 A Brief Review of the Periodic Output Feedback 
Control Technique 

The problem of pole assignment by piecewise constant output feedback was stud- 
ied by Werner [55], Chammas and Leondes [53], [54], [120] for LTI systems with 
infrequent observations. If a system is controllable and observable, then almost for 
all output sampling rates, they have shown that by the use of a periodically time- 
varying piecewise constant output feedback gain [47], the poles of the discrete time 
control system could be assigned arbitrarily (within the natural restriction that they 
should be located symmetrically with respect to the negative real axis) [51], provided 
the number of gain changes during one output sampling interval is not less than the 
controllability index of the system. Since the feedback gains are piecewise constants, 
their method could easily be implemented, guarantees the closed loop stability and 
indicated a new possibility in controller design. Such a control law can stabilize a 
much larger class of systems than by the use of static output feedback technique. 

Consider a LTI continuous time system 



x = Ax + Bu, y = Cx, 



(3.1) 
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where x £ SR™, u £ SR m , y £ SR P , A, B, C are constant matrices of appropriate 
dimensions and A e 9t nxn , B e 5R nxm , C e 5R pxr \ 

Let ($ T ,r T ,C) and (<1>, T, C7) be the system in (3.1) sampled at r and A secs 
respectively. It is assumed that (<& T , 1%-, C) be named as the r system and ($, F, C ) 
be named as the A system. It is also assumed that r system is completely observable 
and A system is completely controllable. 

The output is measured at the time instants t = hr, k = 0, 1, 2, ... We consider 
constant hold functions because they are more suitable for implementation. An 
output-sampling interval is divided into N sub-intervals of width A = and the 
hold function is assumed to be constant on these sub-intervals as shown in Fig. 3.1. 
N should be greater > the controllability index 7 of ($ T ,r). Thus, the control law 
becomes 

u(t) = Kt y(kr), ...(fcr + JA)<t< [fcr + (J + l)A], K l+N = K u (3.2) 
for / -='(). 1, 2, ..., (N — 1). 

Note that a sequence of N gain matrices {Ko, AT, ..., Kn-i} when substituted 
into the Eq. (3.2), generates a time-varying piecewise constant output feedback gain 
K(t) for 0 < t < r. To obtain the gain sequence K, consider the delta system 

x(k + 1) = $ x{k) + T u{k), y(k) = Cx{k). (3.3) 

Let 

K = [Ko AT AT • • • Kn-i } T ■ (3.4) 

Let u(t) be calculated using Eq. (3.2) and therefore, u(fcr) becomes 




Fig. 3.1. Graphical illustration of the POF control law 
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u (kr) - K y(kr) 



■ + A) 



u(kr + r — A) 



(3.5) 



Now, the tau system is written as 

x(kr + r) — & N x(kr) + T u(fer), y(kr) = C x{kr), (3-6) 

where V = [-F^T, <f> JV - 2 P, , P ] . 

Applying the control in Eq. (3.2), i.e., K y(kr) is substituted for u(fcr), the 
closed loop system becomes 

x(kr + r) = (& N + rKCj x(kr). (3.7) 

The problem has now taken the form of static output feedback [48]. Equation 
(3.7) suggests that an output injection matrix G be found such that 

p + GC'j < 1, (3.8) 

where p(-) denotes the spectral radius. By observability, one can always choose an 
output injection gain G to achieve any desired self-conjugate set of eigen values for 
the closed-loop matrix (<f>‘ ¥ + GG) and from N > u, it follows that one can find a 
POF gain K which realizes the output injection gain G by solving 



rK = g 



(3.9) 



for K. 

The problem with controllers obtained in this way is that, although they are 
stabilizing and achieve the desired closed loop behavior at the output sampling 
instants, they may cause an excessive oscillation between inter-sampling instants. 
The controller obtained using the above equation may give the desired behaviour, 
but might require excessive control action and the POF gains obtained may be very 
high. To reduce this effect, we relax the condition that K exactly satisfy the linear 
equation (3.9) and include a constraint on it. Solving TK = G may give a POF gain 
that is higher in magnitude, amplifying the noise in a system. Hence, the conditions 
on K is imposed during the controller design. These restrictions on K are posed as 
LMI problem [121]. Thus, we arrive at the following inequalities as 

|| K ||< pi, || T K - G ||< p2, (3.10) 



where p 2 small means that the POF controller with gain K is a good approximation 
of the original design, i.e., stability is not impaired and pi small means low noise 
sensitivity. 

Using the schur complement, it is straight forward to bring these conditions in 
the form of Linear Matrix Inequalities (LMI) [49], [50], [121] as 



\p\l 

K t 




pli (rK-G)- 

(PK - G) t -I 



< 0 . 



(3.11) 
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In this form, the LMI toolbox of MATLAB can be used for the synthesis of 
K. The POF controller obtained by this method requires only piecewise constant 
gains [122] and may be easier to implement in real time. 

An alternative method to the above LMI technique is to use a performance index 
so that TK = G need not be forced exactly as used by Werner and Furuta [51], [55]. 
This constraint is replaced by a penalty function, which makes it possible to enhance 
the closed loop performance by allowing slight deviations from the original design 
and at the same time improving the behaviour. The performance index J(fc) is given 
by 



+ ( XkN ~ X kN ) P ( x kN — X kN ) , 

k = 1 

(3.12) 

where R t 5R mxm , Q and P t $R nxn are positive definite and symmetric weight 
matrices, xi and ui denote the states and the inputs of the delta system and x% N 
denotes the state that would be reached at the instant kN, given x^-i )n, if K 
is solved to satisfy (3.9) exactly, i.e., x* kN = + GC ) X( k -i ) n- The first term 

represents the averaged state and control energy whereas the second term penalizes 
the deviation of G. A trade-off between the closed loop performance and closeness 
to the chosen design is expressed by the above cost function. 
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3.2 Controller Design for Smart Structures Modelled 
Using EB Theory 

In the following Sections, the design of the POF controllers for SISO and MIMO 
smart structure systems modelled using Euler-Bernoulli beam theory is presented. 



3.2.1 Design of SISO Controllers for Smart Beam Divided into 
3, 4, 5 Finite Elements 

The POF control technique discussed in the previous Section 3.1 is used to design 
a controller to suppress the first 2 vibration modes of a flexible cantilever beam 
through smart structure concept for the various SISO state space models given in 
Section 2. 1.1:6 I(i). The performance of the 3 type of systems is hereby evaluated 
for vibration control by carrying out the simulations in MATLAB and conclusions 
are drawn by observing the various responses [72], [87]. 

An external force text (impulse disturbance) of 1 Newton is applied for duration 
of 1 sec at the free end of the beam for the individual models of the 3 systems shown 
in Figs. 2.3 and in A.l. The beam is subjected to vibrations and the open loop 
impulse response (plot of sensor outputs y as a function of t ) of the various models 
of the 3 systems are observed. 

The first task in designing the POF controller is the selection of the sampling 
interval r. The maximum bandwidth for all the sensor / actuator locations on the 
beam are calculated (here, the second vibratory mode of the plant) and then by 
using the existing empirical rules [123] for selecting the sampling interval based 
on bandwidth, approximately 10 times of the maximum second vibration mode 
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frequency of the system has been selected. The sampling interval used is r = 0.004 
seconds. 

Consider the models of the 3 systems only at the fixed end. Let ($ T ij, T r ij , Cij), 
(j = 1, 2, 3) be the r systems sampled at a rate of - respectively. Thus, 

0.6217 -0.0000 0.0034 -0.0000] [ -0.09 ' 

-0.0000 0.9819 -0.0000 0.0040 -in" 6 ~ 0 - 01 

Tl1 ' -175.4999 -0.0000 0.6042 -0.0000 ’ r11 ~ U -40.46 ’ ^ 

-0.0000 -9.0062 -0.0000 0.9810 J [_ -3.70 _ 

Cn = [0 0 -0.0050 -0.0028], 

0.6087 -0.0000 0.0034 -0.0000' 

-0.0000 0.9860 -0.0000 0.0040 

$Tl2 - -180.9848 -0.0000 0.5906 -0.0000 ’ 1 r12 ~ iU 

-0.0000 -6.9747 -0.0000 0.9853 _ 

C 12 = [0 0 0.0038 -0.0016], 

' 0.6249 0.0000 0.0034 0.0000' 

0.0000 0.9881 0.0000 0.0040 

Tl3 " -174.1562 0.0000 0.6074 0.0000 ’ Tl3 _ U 

0.0000 -5.9265 0.0000 0.9875 _ 

Ci3=[0 0 -0.0026 -0.0010]. 

Here, for the sake of convenience, only the models of the 3 types of the systems 
for the piezo patch placed at the fixed end is given. It is found that the systems in 
Eqs. (3.13)-(3.15) are controllable and observable. Similarly, the tau systems of the 
other models of the 3 systems are obtained. The stabilizing output injection gains 

Gij’s are obtained for the models of the 3 types of systems with the piezos at the 

fixed end such that the eigenvalues of + Gij Cij) lie inside the unit circle and 

the response of the system has a good settling time. Similarly, the output injection 
gains for the other models of the 3 systems are obtained. The impulse responses are 
observed with the output injection gains. The gains for the models at the fixed end 
of the 3 types of systems are obtained as 

System 1, Model 1, Fixed end : [ - 0.46 -1.68 -140.52 -275.3 ] T , 

System 2, Model 1, Fixed end : [ - 0.53 -0.09 121.47 -26.87 ] T , 

System 3, Model 1, Fixed end : [ - 0.52 -0.11 134.4 -27.37 ] T . 

Let (4?ij .Iy , Cij) be the delta systems of the various models of the 3 systems 

shown in the Fig. 2.3 with PZT’s at the fixed end. The number of sub-intervals N 
is chosen as 10. Thus, 

0.9959 -0.0000 0.0004 -0.0000 1 [-0.0001' 

-0.0000 0.9998 -0.0000 0.0004 _ 4 -0.0000 

11 " -20.3420 -0.0000 0.9939 -0.0000 ’ 11 ~ U -0.4689 ’ b) 

-0.0000 -0.9064 -0.0000 0.9997 J |_-°- 0372 
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Cn = [0 0 -0.0050 -0.0028], 

-0.0000 0.0004 -0.0000 1 [ -0.0001' 

0.9999 0.0000 0.0004 _ 4 -0.0000 

-0.0000 0.9937 -0.0000 ’ 12 ~ U -0.3156 ’ 

-0.7009 -0.0000 0.9998 J |_-°- 0183 . 

C 12 = [0 0 0.0038 0.0016], 

0.9960 0.0000 0.0004 0.0000 

0.0000 0.9999 -0.0000 0.0004 

$13 " -20.1586 0.0000 0.9939 0.0000 

0.0000 -0.5951 0.0000 0.9998 

Cl s=[0 0 -0.0026 -0.0010] 

As in the case of r systems, the delta systems for the 3 types of systems where 
the piezo patch is placed at the fixed end is given here for in Eqs. (3.16)-(3.18). 
Similarly, the delta systems of the other models of the 3 systems are obtained. The 
POF gain matrix K for the systems are obtained by solving r,K, ss G; using the 
LMI optimization method [121]. This reduces the amplitude of the control signal u. 
The POF gain matrix for the various SISO models of the 3 systems at the fixed end 
end is given by [72], [87]. 

Model 1 of system 1 : 10 _2 [ 7.17 6.25 5.37 4.54 3.77 3.06 2.41 1.84 1.34 0.92 ] T , 

Model 1 of system 2 : 10~ 2 [ 3.55 3.08 2.62 2.19 1.79 1.44 1.11 0.86 0.65 0.5 ] T , 

Model 1 of system 3 : 10 _2 [ 3.61 3.18 2.75 2.34 1.94 1.58 1.24 0.94 0.68 0.46 ] T . 

Similarly, the POF gain matrices for the other models of the 3 systems are 

obtained. With the designed POF controller being put in the loop with the plant, 
the closed loop impulse responses (sensor outputs y) and the variation of the control 
signal m with time t for all the models in the 3 systems are observed. Here, for the 
sake of convenience, only the responses (open loop impulse response, closed loop 
impulse response with the output injection gain, closed loop impulse response with 
the POF gain, control effort required) for the models in which the piezo patches are 
placed at the fixed end and the free end of the 3 types of systems (2 modes) are 
shown in Figs. 3.2 - 3.7. 

Responses are also observed for 3 vibration modes models with the piezo patches 
placed only at the fixed end. The responses are shown in the Figs. 3.8 - 3.10. The 
peak magnitudes of the open loop impulse responses, closed loop impulse responses 
with Gi, K; and peak magnitude of the control effort u ; for the various models of 
the 3 systems (by retaining the first two vibratory modes) are given below. 

Model 1 of System 1, Sensor / Actuator at 1 (fixed end) 



Maximum positive 16.5 16.1 13.1 0.6 

Maximum negative 16.5 13.5 12.3 0.63 

Model 3 of System 1, Sensor / Actuator at 3 (free end) 
Maximum positive 1.72 1.42 1.42 2.4 

Maximum negative 1.62 0.83 1.32 1.16 



r 13 = io 



- 0.0000 
—4 - 0.0000 
-0.2050 
-0.0109 



0.9958 

„ T . 0.0000 
12 -21.0966 

- 0.0000 
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Model 1 of System 2, 


Sensor / 


Actuator 


at 1 (fixed end) 


Maximum positive 


12.1 


10.5 


11.4 


0.32 


Maximum negative 


9.95 


10.2 


10 


0.32 


Model f of System 2, 


Sensor / 


Actuator 


at 4 (free end) 


Maximum positive 


0.8 


0.67 


0.67 


1.4 


Maximum negative 


0.75 


0.5 


0.62 


0.32 


Model 1 of System 3, 


Sensor / 


Actuator 


at 1 (fixed end) 


Maximum positive 


8.5 


8 


8.9 


0.23 


Maximum negative 


8.6 


6.2 


7.7 


0.23 


Model 5 of System 3, 


Sensor / 


Actuator 


at 5 (free end) 


Maximum positive 


0.45 


0.37 


0.37 


1.5 


Maximum negative 


0.44 


0.37 


0.34 


0.2 



3.2. 1.1 Simulation Results and Discussions 

Controllers are designed for the smart flexible cantilever beam using the POF control 
technique for the different models of the 3 systems to suppress the first 2 vibratory 
modes [72], [87]. The various responses are obtained for each of the state space 
models of the 3 systems. The comparison and discussion of the simulation results 
for various cases of smart structure models are presented below. 

From the simulation results, it is observed that modeling a smart structure by 
including the sensor / actuator mass and stiffness and by varying its location on 
the beam from the free end to the fixed end and by dividing it into a number of FE 
results in a considerable change in the system’s structural vibration characteristics. 
Through the simulation results, it is inferred that when the plant is placed with 
this designed controller, the plant performs well and the vibrations die out quickly. 




Fig. 3.2. Tip displacements, open and closed loop responses and control signal of 
model 1 of system 1 (Piezo placed at FE 1 - fixed end) 
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Fig. 3.3. Tip displacements, open and closed loop responses and control signal of 
model 1 of system 2 (Piezo placed at FE 1 - fixed end) 
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Fig. 3.4. Tip displacements, open and closed loop responses and control signal of 
model 1 of system 3 (Piezo placed at FE 1 - fixed end) 



From the responses of the various models of each system, it is observed that when 
the piezoelectric element is placed near the clamped end, i.e., the fixed end, the 
sensor output voltage is greater. This is due to the heavy distribution of the bending 
moment near the fixed end, thus leading to a larger strain rate. 

The sensor voltage is very less when the sensor / actuator pair is located at 
the free end as a result of which more control effort is required to damp out the 
vibrations. The sensitivity of the sensor / actuator pair thus depended on its location 
on the beam. From the output responses shown in the Figs. 3.2 - 3.10, it is observed 
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Fig. 3.5. Open and closed loop responses and control signal of model 3 of system 
1 (Piezo placed at FE 3 - free end) 





Time in seconds 



Fig. 3.6. Open and closed loop responses and control signal of model 4 of system 
2 (Piezo placed at FE 4 - free end) 



that the control effort u required from the controller gets reduced if the sensor / 
actuator placement location is moved towards the fixed end. A small magnitude of 
the control signal is sufficient to control the structural vibrations of each model of 
the systems 1, 2 and 3 when the piezos are at the fixed end. 

An output injection gain for each discrete model of the three systems is obtained 
such that poles are placed inside the unit circle at appropriate locations and the CL 
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Fig. 3.7. Open and closed loop responses and control signal of model 5 of system 
3 (Piezo placed at FE 5 - free end) 
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Fig. 3.8. Responses of model 1 of system 1 (Piezo placed at fixed end) : 3 modes 



system has very good settling time. The individual models of the 3 systems are 
compared to obtain the best performance. Comparing the 3 systems, viz., system 1, 
2 and 3, it is observed that when the smart beam is divided into 5 finite elements, the 
vibration characteristics was the best amongst all the models of the three systems. 
Hence, it can be concluded that, the best placement of the sensor / actuator pair 
is at the fixed end of the system 3, i.e., the model 1 of system 3. Comparing the 
responses of the various models of the 3 systems, it is observed that the model 1 
of the system 3’s vibration characteristics are the best for the vibration control of 
smart beam because of the following reasons. 
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Fig. 3.9. Responses of model 1 of system 2 (Piezo placed at fixed end) : 3 modes 
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Fig. 3.10. Responses of model 1 of system 3 (Piezo placed at fixed end) : 3 modes 



• A very small magnitude of control input u is required to damp out the vibrations 
compared to the systems 1 and 2 as a result of which less effort has to be put 
by the controller. 

• The magnitude of the impulse response (closed loop) of both the continuous and 
the discrete time system is less compared to systems 1 and 2. 

• Also, the response characteristics with G and K are the best. 

• The vibrations are damped out quickly, i.e., the tip position settles quickly. 

Further, the model 1 of system 3 is more sensitive to the first mode as the bending 
moment is maximum, strain rate is higher, minimum tip deflection, better sensor 
output and less requirement of the control input (control will be more effective at 
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the root), whereas at the free end of the system 3 (model 5 of system 3), because 
of the lesser strain rate and maximum deflection, more control energy is required to 
damp out the vibrations. The vibration characteristics of the system depended not 
only on the collocation of the piezo pair, but also on many factors such as the gain 
of the amplifier used, the mode number and the location of the piezo pair at the 
nodal points from the fixed end [11], 

Further, responses are obtained by considering the first 3 vibratory modes also 
and are shown in Figs. 3.8 - 3.10. Results are compared with the controllers designed 
for first 2 vibratory modes. The responses without controller, with G, K and mag- 
nitude of the control input u are obtained. The obtained responses by retaining the 
first 3 modes were nearly (almost) the same as for the 2 vibration modes. Flence, it 
can be concluded that a fourth order model with 2 vibratory modes is sufficient to 
model a smart flexible beam and the control input u does not excite the remaining 
left out modes. 

Thus, the observations are made with and without the controller to show the 
control effect. From the simulations, it was observed that without control the tran- 
sient response was unsatisfactory, takes more time to settle and with control, the 
vibrations are suppressed. An integrated FE model to analyze the vibration sup- 
pression capability of a smart cantilever beam with surface mounted piezoelectric 
devices based on Euler-Bernoulli beam theory is presented in this section. Unlike 
static output feedback, the POF control technique always guarantees the stability of 
the closed loop system which can be observed from the simulation results [72], [87]. 
The designed POF controller requires constant gains and hence may be easier to 
implement in real time application. 

3.2.2 Design of MIMO Controller for a Multivariable System 

The POF control technique discussed in the Section 3.1 is used to design a con- 
troller to suppress the first 2 vibration modes of a smart cantilever beam through 
smart structure concept for the MIMO (multivariable) representation of the smart 
structure model. The performance of the smart beam modelled as MIMO system 
is hereby evaluated by carrying out the simulations in MATLAB and observing the 
various responses [77]. The effect of placing the sensor-actuator as collocated pair 
at 2 different finite element locations on the beam which led to the multivariable 
model of the smart beam is observed and the conclusions are drawn. 

The MIMO system is given by the Eqs. (2.93) and (2.101) with its numerical 
value in Eq. (2.105). An external force f ex t (impulse disturbance) of 1 Newton is 
applied for duration of 1 sec at the free end of the beam as shown in Fig. 2.5. The 
beam is thus subjected to vibrations and the open loop impulse response (plot of 
sensor outputs as a function of time) is observed. As in the case of POF design for 
SISO system discussed in Section 3.2.1, here also r is selected as 0.004 seconds. 

Let (<f? T ,r T ,C) be the MIMO discrete state space model obtained by sampling 
the system given in Eq. (2.105) at a rate of -. Thus, 



' -0.6356 -0.000 0.003 -0.000' 




' 0.0022 


0.0035 1 


-0.0000 0.6729 -0.000 0.0355 


, r T = 10 ~ 4 


-0.0077 -0.0078 


-139.432 -0.000 -0.6496 -0.000 


0.1848 


0.2984 


-0.0000 -15.393 -0.000 0.6713 




-0.3619 -0.3692 J 



(3.19) 
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It is found that the system in Eq. (3.19) is controllable and observable. The 
stabilizing output injection gain G is obtained such that the eigenvalues of ($ T +G C ) 
lie inside the unit circle and the response of the system has a good settling time. 
The impulse response with the output injection gain G for the multivariable model 
is observed. The output injection gain obtained is as 



0.1769 0.0422 

—7.1720 -0.7254 
-88.7904 -22.0246 
-71.8037 1.8034 



[Gf €$]. 



(3.20) 



Let (<f>, T, C) be the MIMO discrete state space model obtained by sampling the 
system given in Eq. (2.105) at a rate of T. where A = = 0.002 secs. The number 

of sub-intervals N is chosen as 2. The 4>, T matrices are given by 



0.9659 


0.0000 


0.0011 0.0000' 




' 0.0000 


0.0001 ' 


- 0.0000 


0.9965 


-0.0000 0.0040 


, r = io -3 * 


-0.0001 


-0.0001 


-49.8947 


0.0000 


0.9609 0.0000 


0.0661 


0.1068 


- 0.0000 


-1.7322 


-0.0000 0.9964 




-0.0407 


-0.0415 



(3.21) 

The POF gain matrix K for the smart system is obtained by solving TK « G 
using the LMI optimization method [121]. This reduces the amplitude of the control 
effort u. The POF gain K obtained for the multivariable state space model of the 
smart structure system is obtained as 



K t 



10 2 



-1.7292 -0.2801 
-3.2445 -0.5041 
2.3577 0.3176 
3.2598 0.4500 



Kf k r 



(3.22) 



With the designed POF controller being put in the loop with the plant, the 
closed loop impulse responses (sensor outputs y i, 1 / 2 ) with the the output injection 
gain G and the POF gain K, the plot of control effort U \ , 112 required to control 
the vibrations are observed and graphically displayed as shown in Figs. 3.11 - 3.13 
respectively. 



3.2.2. 1 Simulation Results and Discussions 

POF controller has been designed for the MIMO smart structure model developed 
using the EB beam theory [77]. The beam was divided into 4 FE with sensor / 
actuator placed at positions 2 and 4. The various responses are obtained for the 
developed MIMO state space model. Through the simulation results, it is shown 
that when the plant is placed with this controller, the plant performs well and the 
vibrations are suppressed quickly. It is also observed that modeling a smart structure 
by placing the sensor / actuator at 2 different locations introduces a considerable 
change in the structural vibration characteristics than placing the sensor / actuator 
pair at only one location as in [72], [87]. 

In this section, it is observed that when the pair is kept at 2 different locations, 
the closed loop responses of the MIMO system is less oscillatory compared to the 
SISO case because of the following reason. MIMO excitation is better than SISO 
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Fig. 3.11. CL responses yi and 1/2 with the o/p injection gains G 1 and G 2 for the 
MIMO EB model 



5 



f 




0 0.5 1 1.5 2 25 3 3.5 4 4.5 5 




i i i i i i ■ I 

16 2 2.5 3 3.6 4 46 6 

T)me(secs) 



Fig. 3.12. CL response (sensor o/p) j/i and control i/p ui with POF gain Ki 
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Fig. 3.13. CL response (sensor o/p) j /2 and control i/p U 2 with POF gain K 2 
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excitation as only exciting the structure at a single point may cause poor distribu- 
tion of input energy throughout the structure and may result in somewhat slightly 
disturbed frequency responses. A multi input test provides better energy distribu- 
tion and even better actuation forces. Hence, it can be concluded that multivariable 
control of a smart structure is better compared to the single input single output 
control as there will be multiple interactions of the input and the output which will 
cause the vibrations in the system to damp out quickly. 

The responses take lesser time to settle and the control effort required is also less. 
The impulse responses with the output injection gain and the POF gain show better 
performance. The output injection gain for the multivariable plant is so obtained 
that its poles are placed inside the unit circle at appropriate locations such that the 
system has a very good settling time. A overall better performance of the system is 
thus obtained. Responses were observed without control and were compared with the 
control to show the control effect. From the simulations, it was observed that without 
control, the transient response was unsatisfactory and with control, the vibrations 
are suppressed. The designed POF controller requires constant gains and hence may 
be easier to implement in real time. An integrated FEM-SS model to analyze the 
vibration suppression capability of a smart cantilever beam with surface mounted 
piezoelectric devices based on EB beam theory for a MIMO case is developed in this 
section. 

3.2.3 Design of Robust Decentralized Fault Tolerant Controller for 
Smart Structures 

3.2.3. 1 Multimodel Synthesis 

For the multimodel representation of a plant, it is necessary to design a controller 
which will robustly stabilize the multimodel system [55], [57]. Multimodel repre- 
sentation of plants can arise in several ways. When a non-linear system has to be 
stabilized at different operating points, linear models are sought to be obtained at 
those operating points. Even for parametric uncertain linear systems, different lin- 
ear models can be obtained for extreme points of the parameters. These models are 
used for the stabilization of the uncertain system [81], [82]. Let us consider a family 
of plants S = {Ai, Bi,Ci}, defined by 

x = AiX + Biu, y = CiX, i = 1, 2, ...., M. (3.23) 

By sampling at the rate of we get a family of discrete systems (f&i, F;, G;). 
Assume that (j&f , Cij are observable. Then, we can find the output injection gains 

Gi such that + Gi Ci'j has the required set of poles. Now, consider the aug- 

mented system defined as 



'$1 


0 0 0 ' 




' Fi ' 




' Gi ' 


0 


$2 • 


, f = 


r 2 


, G = 


g 2 


_ 0 


• • _ 




_Fm_ 




_G m _ 



(3.24) 
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The linear equation 









K 0 

R\ 



= G 



k n-i 



(3.25) 



has a solution if Tj is controllable with controllability index 7 and N > -y. This 

POF gain realizes the designed G for all plants of the family. The controllability 
of the individual plants generically implies the controllability of the augmented 
system [51]. The controller obtained this way may be theoretically all right, but 
from the practical point of view, it may require excessive control action. To reduce 
this effect of gain on the control effort, we can approximate the condition given in 
Eq. (3.25) with a constraint on the gain. Thus, we consider the following inequality 
constraint equations, 



|| K ||< pi, || Fi K-Gi \\<p2i, i = 1 , 2 ,..., A/. (3.26) 



where pi and p 2 represent the upper bounds on the spectral norms of K and 
(TiK — Gi). These 2 objectives have been expressed by the upper bounds on matrix 
norms and each should be as small as possible, pi small means low noise sensitivity 
and p 2 small means that the POF controller with gain K is a good approximation 
of the original design. This can be formulated in the framework of Linear Matrix 
Inequalities as follows. 



\pii 

k t 




p 2 2i I (TiK - Gi) 
(r<K - Gif -i 



(3.27) 



In this form, the LMI Tool Box MATLAB [121] can be used for synthesis. The 
function mincx( ) of the LMI toolbox in Matlab is used to minimize the linear 
combination of pi and p 2 . The robust POF controller obtained by the above method 
requires only constant gains and hence may be easier to implement in real time [57]. 



3. 2. 3. 2 Fault Tolerant Controller Design 

Control Problem : To design a fault tolerant control such that the vibrations are 
effectively controlled in the event of failure of one of the actuators. Such a failure 
mode can be modelled by replacing the i th column of the input matrix by zero, i.e., 
the i th column of B as zero indicates that the i th actuator on the beam has failed. 
This consideration leads us to the problem of finding a control law that stabilizes 
the plant under normal operations and the 4 multivariable models corresponding to 
the 4 different failure modes. 

The POF control technique discussed in the Sections 3.1 and 3.2.3: 1 is used 
to design a robust controller to suppress the first 2 vibration modes of a flexible 
cantilever beam for the multimodel representation of the MIMO smart structure 
systems given by the Eqs. (2.112) and (2.118) with 4 inputs and 4 outputs when 
there is a failure of an actuator to function in the system dynamics. The performance 
of the smart beam is hereby evaluated for vibration control by carrying out the 
simulations in MATLAB and observing the various responses [81], [82]. The effect 
of failure of one of the 4 actuators on the beam is observed and the conclusions are 
drawn. 
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External disturbance is applied at the free end of the beam, thereby subjecting 
it into the vibrating mode. Now, when the system is in the vibrating mode and 
an actuator fails to perform (because of the reasons mentioned in section 2.1.3), a 
controller is designed in such a way that putting it in the loop with the plant during 
the actuator failure, will bring back the system to stability. As in the SISO and in 
the MIMO case of POF design, here also, the sampling interval r is selected as 0.004 
secs [123]. 

Consider a family of plant models, defined as S = { A , Bi , Ci} and given by the 
state space representation as 

x = Ax + BiU, yi = Ci,x, i = 1,2, 3, 4. (3.28) 



Four models were obtained by considering 1 actuator failure at a time on the 
flexible beam. By sampling the 4 CT-SS models given in Eqs. (2.112) and (2.118) at 
a rate of we get a family of discrete systems (4> r ,r T i,Ci). One of these models, 
namely for the actuator failure at FE location 8 (fourth actuator), the tau system 
is 



4> t4 



-0.0798 

- 0.0000 

50.4855 

0.0000 



0.0000 

0.2976 

-0.0000 

10.7053 



-0.0135 

0.0000 

-0.0748 

-0.0000 



- 0.0000 

-0.0838 

0.0000 

0.2987 



r r4 = l.Oe — 3 * 



-0.0094 -0.0017 0.0136 0 

-0.0185 -0.0346 -0.0449 0 
0.4415 0.0774 -0.6337 0 
0.2820 0.5274 0.6884 0 



'0 0 -0.2436 -0.1598 
„T 0 0 -0.427 -0.2989 

4 l.oe 3 * 0 0 0.3496 -0.3879 

0 0 0.5134 -0.4091 



(3.29) 



Similarly, the tau systems for the other 3 MIMO models are obtained. Stabilizing 
output injection gains Gi s are found such that the eigen values of ($,- + GiCi) lie 
within the unit circle and the responses has a good settling time. The closed loop 
impulse responses with the output injection is also observed. 

Again by sampling the 4 models in Eqs. (2.112) and (2.118) at a rate of where 
A = we get a family of discrete systems (4>, E;, Ci). The number of sub-intervals 
is chosen as N = 4. One of these models, namely for the actuator failure at FE 
location 8 (fourth actuator), the delta system is 



# 4 = 10 3 



0.9674 0.0000 -0.0027 -0.0000 

-0.0000 0.9912 0.0000 -0.0112 

9.9443 0.0000 0.9684 0.0000 

0.0000 1.4257 -0.0000 0.9914 



r 4 = le - 3 



-0.0003 -0.0001 0.0001 0 

-0.0002 -0.0004 -0.0006 0 
0.0870 0.0152 -0.1248 0 

0.0376 0.0702 0.0911 0 



(3.30) 



Similarly, the delta systems for the other 3 multivariable models are obtained. 
Here, as we are dealing with robust stabilization for the multimodel system, we 
have to find a K which will satisfy TiKi ss Gi, where i = 1 to 4 using the LMI 
optimization method. The LMI technique [121], [50] is used to find the RDPOF 
gain matrix K, which realizes Gi by solving the equation TiKi « Gi for different 
values of p. If the LMI constraints given in Eqs. (3.26) and (3.27) are solved using 
the above Gi, the robust POF gain matrix K may become full. This results in 
the control input of each actuator of the model being a function of the output of 
all the sensors. RDPOF control is achieved by making the off-diagonal elements of 
Ko, Ki, K 2 , • • • matrices zero. So, the structure of the resulting elements of 

K; ( i = 0, 1, 2 , N — 1) matrices for the 4 models of the multimodel system are 

assumed as 
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K = Diag [ km, 



ki22, ki33, kiii] = 



km 0 0 0 

0 ki22 0 0 

0 0 ki33 0 

0 0 0 ki 44 



0, 1) {N — 1). 
(3.31) 



With this structure of Ki, the problem can be formulated in the framework of 
LMI and the desired matrices can be obtained. Now, it is evident that the control 
input Ui of each plant is a function of the output yt of that plant model only 
and this makes the POF control technique based smart structure system a robust 
decentralized one [124]. The RDPOF gain matrix K for the multimodel system is 



given by 



K 0 = 


Diag 


[ 6.52 


4.16 


3.75 


2.33 


Ki = 


Diag 


[ 6.60 


4.21 


2.36 


2.26 


k 2 = 


Diag 


[ 6.66 


4.25 


3.91 


3.51 


k 3 = 


Diag 


[ 7.84 


5.63 


4.53 


4.56 



(3.32) 



The closed loop responses with this RDPOF gain K for all the 4 multivariable 
models of the smart structure plant (with one actuator failure at a time) are ob- 
served. The fault tolerant controller is able to stabilize the outputs in lesser time 
even though there is a failure of an actuator. The RDPOF controller obtained by 
this method requires only constant gains and hence may be easier to implement in 
real time. Simulation results of one of the four multi-models of the smart structure 
with fault taking place at finite element position numbering 8 are shown here in 
Figs. 3.14 - 3.18 with the RDPOF controller gain. Similarly, the simulation results 
are also observed when the fault takes place at FE positions 6 or 4 or 2 respectively 
due to the respective actuator failure. 



3. 2. 3. 3 Simulation Results and Discussions 

RDPOF controller is designed for the multimodel system using the various multi- 
variable models of the single plant when subjected to an actuator failure. The beam 
has been divided into 8 FE and sensor / actuator pair bonded to the master struc- 
ture at even elements. 4 state space models have been obtained by considering the 
successive failure of one actuator at a time. Simulations are done in Matlab and the 
various responses (tip displacements, open loop, closed loop, magnitude of control 
inputs) are observed when a failure of one of the piezo-patches on the beam takes 
place. From the simulation results, it is inferred that when the plant is placed with 
the designed controller and when any one of the actuators fails to function, even 
then the controller stabilizes all the 4 models and damps out the oscillations quickly, 
stability is restored and the performance is not deteriorated. 

In the control law presented, the control input to each actuator of the multimodel 
system is a function of the output of that corresponding sensor only and the gain 
matrix has got all off-diagonal elements zero. This makes the POF control technique 
a robust decentralized one. This would render better control as it requires only 
constant gains and hence implementation may become easier. Hence, MIMO control 
of a multimodel smart structure using RDPOF control technique is better compared 
to the SISO case [72], [87] as the vibrations decay out in a lesser time as there will 
be multiple interactions of the input-output with the system dynamics. 

A robust control system has thus been designed with the constraint that the 
closed loop system be stable even if one of the input actuators has failed. It was 
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also observed from the simulations of the 4 models of the same plant that the initial 
transients for all the models were within acceptable limits and the outputs settles 
to final steady state value in lesser time. Comparing the 4 different failure rates of 
the 4 models of the plant, it is observed from the simulation results, the actuator 
failure at the FE position numbering 2 has more effect on the closed loop system 
dynamics rather than the failure at FE positions 4, 6 or 8. 

When the actuator fails at position 2, the tip displacements takes more time 
to settle and more control effort is needed by the controller to bring the plant into 
equilibrium. This is because of the lesser strain rates available at the finite element 
locations which are far away from the fixed end. When the actuator fails to function 
at position 8, the tip displacement takes less time to settle and less control is needed 
for the system responses to settle because of the higher strain rates near the fixed 
end of the beam. Thus, it was observed that the fault taking place at finite element 
number 8 has less effect on the system dynamics. 




Time in secs 



(a) Tip displacement, fault at FE 8 (w/o controller) 
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Time in secs 

(b) Tip displacement, fault at FE 8 (with controller) 



Fig. 3.14. Tip displacements when fault takes place at FE position numbering 8 






Fig. 3.16. Sensor o/p (CL response) 1/2, control i/p 112 for fault at FE position 
numbering 8 with the RDPOF gain 
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Fig. 3.17. Sensor output (CL response) 1/3, control i/p U3 for fault at FE position 
numbering 8 with the RDPOF gain 
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Fig. 3.18. Sensor output (CL response) 1/4, control i/p U4 for fault at FE position 
numbering 8 with the RDPOF gain 
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3.2.4 Robust Decentralized Periodic Output Feedback Controller 
Design via Reduced Order Model for Multimodel System 

In this Section, the design of a RDPOF control technique for the AVC of smart 
structures for a multimodel case comprising of a family of multivariable plants is 
presented. The beam structure is modeled in state space form by dividing it into 
4 FE and placing the PE sensor / actuator at 2 finite element locations (positions 
2 and 4) as collocated pairs, i.e., as surface mounted sensor / actuator as shown 
in Fig. 2.5. Six vibratory modes are retained in modelling the beam [80]. A higher 
order multivariable system is thus obtained. 

The state space model of the higher order system thus obtained is given by Eqs. 
(2.121) and (2.122) with the numerical values of the A, B, C, D, E matrices given 
by the Eq. (2.123) for the model 1. Five such multivariable models are obtained 
by varying the thickness parameter of the aluminum beam, thus giving rise to a 
multimodel system of the smart structure. Using model order reduction technique, 
the reduced order model of the higher order system is obtained [62]. RDPOF con- 
trollers are designed for the multimodel system consisting of 5 MIMO models. The 
performance of the multimodel system is hereby evaluated for AVC by carrying out 
the simulations. 

The following few paragraphs gives a brief insight into the development of the 
RDPOF controller design using the model order reduction technique for a multi- 
model representation of the multivariable systems. Initially, we begin with a small 
review on the model order reduction technique and then followed by the design 
of robust decentralized controller using the model order reduction technique. For 
many complex processes or when the modes of a dynamical system are very high, 
the order of the state matrix may be quite large. It would be difficult to work with 
these large scale dynamical systems [102] in their original form. In such cases, it is 
common to study the process by approximating it to a simpler model. It is usually 
possible to describe the dynamics of a physical dynamical system by a number of 
linear differential equations with constant coefficients such as the state space forms. 
Consider the state space form of a physical dynamical system as 

x = Ax + Bu, y = Cx, (3.33) 



where A is a (n x n) matrix. 

One of the well-known techniques based on the dominant eigenvalue retention 
known as the Davison technique [61], [62] is used in this section. By this method, 
a system of higher order can be numerically approximated to one of smaller order. 
The method suggests that a large ( n x n ) system can be reduced to a simpler (r x r) 
model (r < n) by considering the effects of the r most dominant (dominant in the 
sense of being closest to the instability) eigenvalues alone. 

The principle of the method is to neglect the eigen values of the original system 
that are farthest from the origin and retain only the dominant eigenvalues and hence 
dominant time constants of the original system in the reduced order model. This 
implies that the overall behaviour of the approximated system will be very similar 
to that of the original system, since the contribution of the unretained eigenvalues 
to the system response are important only at the beginning of the response, whereas 
the eigenvalues retained are important throughout the whole of the response. For 
the system represented by the Eq. (3.33), consider the linear transformation, 
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x = P z 



(3.34) 



which transforms the model in Eq. (3.33) into the following form, 

z = Az + Bu, y = Cx, (3.35) 

where A is a (r x r) matrix and 

A = P~ X AP, B = P~ 1 B, C = CP. (3.36) 

Here, A is in the diagonal form as 

A = diag [Ai,A 2 , ,A„,] (3.37) 

and 

Re{ Ai) > Re{ A 2 ) > > Re{ A n ). (3.38) 

Further, assume that only r eigenvalues are dominant, i.e. , the order of the 
reduced model is r and partition the model in Eq. (3.35) as 

ii = Aizi + B\u, , i 2 = A2Z2 + B 2 U, , y = C1Z1 + C2Z2, ( 3 . 39 ) 

where 

Ai = diag [Ai,A 2 , , A r ,], A 2 = diag [A r+ i,A r+2 , , A„,], (3.40) 

Bi = first r rows of B, P 2 = remaining (n — r) rows of B (3-41) 

and are respectively (r x r), (n — r) x (n — r), (r x m) and (n — r) x m matrices 
obtained by partitioning of A and B suitably. In Eq. (3.39), the order of Zi is r and 
that of Z 2 is (n — r). Now, because the contribution of the modes represented by 

the eigenvalues A r +i, A r + 2 , , X n is not significant, it may be assumed that Z 2 = 0, 

whereby we have from Eq. (3.34), 



Xi 




'Pn' 


_X2_ 




P 21 



(3.42) 



where Pn and P 21 are ( rxr ) and ( n—r ) x r sub-matrices obtained by partitioning of 
P matrix. Also, z\ and z 2 are r and ( n — r) dimensional state vectors corresponding 
to the original state variables. It follows from Eq. (3.42) that 

zi = Pn 1 *!, (3.43) 



with which the model in Eq. (3.39) can be transformed to 

xi — PnAiPn 1 *! + PnBiu = A r xi + B r u, y = CiP^xi = C r x\. (3.44) 



Moreover, from Eq. (3.42), and (3.43), we have 

*2 = P 21 P 11 X 1 . (3.45) 

Thus, the original n th order model represented by Eq. (3.33) is reduced to an 
r th order model given by Eq. (3.44). The state variables of the approximate model 
are the same as the first r state variables of the original higher-order model. The 
remaining state variables are given in terms of the first r state variables by Eq. 
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(3.45). This model order reduction technique is used to design a robust decentral- 
ized periodic output feedback controller for a multimodel system comprising of 5 
multivariable models. 

Let us consider a family of plants S = { A; , Bi, C;} defined by 

x = A-ix + BiU, y = CiX, i = 1,2,3 (3.46) 

where M = 5. The discrete time systems with sampling interval r seconds can be 
represented as 



x(k + 1) = §rix(k) + r Ti u(k), y(k) = C iX (k). (3.47) 

The adjoint or the dual for the above systems would be 

x(k + 1) = $rix{k) + Cju{k ), y(k) = r^x(k). (3.48) 

There exists a transformation V%, such that, 

x = Vi z (3.49) 



transforms the above system in Eq. (3.48) into the following block modal form as 
z(k + 1) = &iz(k) + Ciu(k), y(k) = f iz(k), (3.50) 



where 





'$ii 0 




'Cu 




Ti»" 


= 


0 ®2i 


> = 


c 2i _ 


5 r? — 


_ r 2i _ 



(3.51) 



and the eigen values are arranged in the order of their dominance. We now extract 
an r th order model, retaining the r dominant eigen values, by truncating the above 
systems. Using Eqs. (3.50) and (3.51), we get 



z r (k + 1) = ^uz r (k) + Cuu(k), y r {k) = T\iZ r (k) (3.52) 



Let u = SriZr be a stabilizing control for the reduced order model in Eq. (3.52). 
Thus, the closed loop reduced model (<f>ii + CuS r i) becomes stable. Now, 



.'. , we get, 



Z r \lr * z [-L ’ * Vi o 



x(fc) — Sri [-L- . 0 r; q n _ r )J V) X — Si : 



(3.53) 

(3.54) 



which makes the closed loop system + Cf Si) stable. But the eigen values 
of ($^ ; +CjSi) and +CfSi) T are the same. So, (t&U + Cf Si) will also be 
stable. Thus, Sf = Gi is the output injection gain for the system in Eq. (3.47). The 
POF gain K is thus realized using these output injection gains by solving the linear 
equation T;K « Gi. 

The problem with controllers obtained in this way is that, although they are 
stabilizing and achieve the desired closed loop behavior at the output sampling 
instants, they may cause an excessive oscillation between inter-sampling instants. 
The controller obtained using the above equation will give the desired behaviour, 
but might require excessive control action and the POF gains obtained may be very 
high. To reduce this effect, we relax the condition that K exactly satisfy the above 
linear equation and include a constraint on it. 
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Solving r,K = Gi may give a POF gain that is higher in magnitude, amplifying 
the noise in a system. Hence, the conditions on || K ||< pu for noise and || K — 
Gi || < p 2 i for stability is imposed during the controller design. These restrictions 
on K are posed as LMI problem [49], [50], [121]. Thus, we arrive at the following 
inequalities as 

|| K ||< pu, || Ti K-Gi \\< P 2 i. (3.55) 

Using the schur complement, it is straight forward to bring these conditions in 
the form of Linear Matrix Inequalities (LMI) as 



py 

k t 




phi (r 4 K - Gi) 
(T t K - Gi) T -I 



(3.56) 



Here, the LMI toolbox of MATLAB can be used for the design of K. If the 
LMI constraints given in Eqs. (3.55) and (3.56) are solved using the above Gi, 
the robust periodic output feedback gain matrix may become full. This results in 
the control input of each plant being a function of the output of all the plants. 
To obtain the RDPOF control, the off-diagonal elements of Kq, ATi, K 2 , ..., ATjv-i 
matrices are made equal to zero. So, the structure of Ki ( i = 0, 1, 2, 3, ..., N — 1) 
matrix is assumed as Ki = diag [foil, ki.22, fc-i 33 , ■■■•] and the desired gain matrices 
can be obtained. Now, it is evident that the control input to each actuator of the 
plant model is a function of the output of that corresponding sensor only. This 
makes the POF control technique a robust decentralized one and is more feasible. 
The RDPOF controller gains obtained by this method requires only constant gains 
and hence may be easier to implement in real time. 

The RDPOF controller design via reduced order model is designed as follows 
[80]. The 5 multivariable SS models of the multimodel system which are obtained 
by varying the thickness of the beam is considered as the preliminary step in the 
controller design. A 12 th order SS model of (12 x 12) is obtained on retaining the first 
6 modes of vibration cui to uj&. This higher order system is reduced to a simpler 6 th 
order model of (6x6), by considering the effects of the 6 most dominant (dominant 
in the sense of being closed to instability) eigen values. The eigen values of the 
original system that are farthest from the origin are neglected and only dominant 
eigen values of the original system in the reduced order model is retained. 

An external force f ex t of 1 N is applied for duration of 50 ms at the free end of 
the beam for all the 5 models of the Fig. 2.5 and the OL responses are observed. 
RDPOF controller is designed for the multimodel system to suppress the vibrations. 
The sampling interval used is r = 0.004 secs. The discrete models are obtained for 
sampling time of r = 0.004 secs and for A = 0.0004 secs. The reduced order models 
are computed from the adjoint discrete models. Using the method discussed in the 
previous paragraphs, stabilizing gain matrices S r i are obtained for each reduced 
order model using the DLQR theory. Using aggregation techniques [125], the output 
injection gain Gi can be calculated for each higher order (actual) models. The CL 
impulse responses with the output injection gain is observed. The RDPOF gain can 
be obtained which approximately realizes this designed Gi for all the models of the 
family. 

Here, as we are dealing with robust stabilization, we have to find a K which will 
satisfy IhK « Gi (i = 1 to 5) using the LMI approach so that the magnitude of the 
control effort required is less. 10 gain sequences of K are chosen, i.e. , A'i, ...., Ado- 
In our problem considered N = 10 had given good encouraging results. Using the 
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output injection gains G;, LMI constraints given in Eqs. (3.55) and (3.56) are solved 
for different values of pi and p 2 to find the RDPOF gain matrix K for the actual 
models via the reduced order model. The RDPOF gain matrix is given by 



" — 1.6410 


0 
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0.0173 


0.2375 


0 


0 


-0.148 


1.1130 


0 


0 


-0.0212 


0.6873 


0 


0 


-0.0040 


-0.4794 


0 


0 


0.0177 


-0.8435 


0 


0 


0.0122 


0.4678 


0 


0 


-0.0217 


0.0804 


0 


0 


0.0084 


-0.0489 


0 


0 


-0.0027 


0.0035 


0 


0 


0.0003 



With the designed robust controller being put in the loop, the CL impulse re- 
sponses (sensor outputs j/i and 2 / 2 ) and the variation of the control signal ui and 112 
with time for the multimodel system consisting of 5 MIMO plants are observed and 
shown in Figs. 3.19 - 3.28 respectively. 



3. 2. 4:1 Simulation Results and Discussions 

RDPOF Controller is designed for the multimodel representation of a family of 
multivariable smart structure plants via the reduced order model [80]. These mul- 
tivariable models of the beam are obtained by varying the thickness parameter of 
the beam. Simulations are performed and the various responses are observed for 
the multimodel system. Through the simulation results, it is shown that when the 
plant is placed with the designed robust decentralized POF controller, all the mod- 
els perform well. The stability is guaranteed and the vibrations die out quickly. 
Observations are made with and without the controller to show the control effect. 

In the designed control law, the control input to each actuator of the multivari- 
able plant is a function of the output of that corresponding sensor only and the gain 
matrix has got all off-diagonal elements zero. This makes the POF control technique 
a robust decentralized one. This would render better control and is more feasible. 
The robust decentralized POF controller designed by the above method requires 
only constant gains and hence may be easier to implement. The designed control 
method is thus applied simultaneously to all the MIMO models and thus resulted 
in satisfactory behaviour of the responses to damp out the vibrations, which can be 
seen from the simulation results. 
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In this Section, a new algorithm is presented for the design of robust decen- 
tralized controllers for a multivariable system using POF feedback technique via the 
reduced order model. The computation of the output injection gain, which is needed 
to obtain the decentralized POF feedback gain becomes very tedious when a num- 
ber of modes, especially greater than 5 are considered. Hence, an output injection 
gain is computed from the reduced order model of the smart system and using the 
aggregation techniques [125], an output injection gain can be obtained for the higher 
order model. 
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Fig. 3.19. CL response and control i/p (piezo placed at FE 2) : Model 1 



The simulation results shows the effectiveness of the method presented. The RD- 
POF feedback gain which realizes this output injection gain, can be obtained for the 
actual model. It is found that the designed robust controller via the reduced order 
model provides good damping enhancement for all the models of the smart struc- 
ture system. From the simulation results, it is inferred that as the thickness of the 
beam is increased, the sensor voltage reduces and more control effort is required to 
curb down the vibrations. An integrated FE model to analyze the vibration suppres- 
sion capability of smart cantilever beams with surface mounted piezoelectric devices 
based on Euler-Bernoulli beam theory and reduced order modeling is presented in 
this Section [80]. 
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Fig. 3.20. CL response and control i/p (piezo placed at FE 4) : Model 1 
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Fig. 3.21. CL response and control i/p (piezo placed at FE 2) : Model 2 
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x itf 4 Model 2, sensor / actuator at 4 (CL resp & control input) 




0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 




■4 

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 

Time (s) 



Fig. 3.22. CL response and control i/p (piezo placed at FE 4) : Model 2 
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2 

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 




-2 1 1 • • - ‘ 1 ■ ■ 

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 

Time (s) 



Fig. 3.23. CL response and control i/p (piezo placed at FE 2) : Model 3 
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Fig. 3.24. CL response and control i/p (piezo placed at FE 4) : Model 3 
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Fig. 3.25. CL response and control i/p (piezo placed at FE 2) : Model 4 
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Fig. 3.26. CL response and control i/p (piezo placed at FE 4) : Model 4 




Fig. 3.27. CL response and control i/p (piezo placed at FE 2) : Model 5 
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Fig. 3.28. CL response and control i/p (piezo placed at FE 4) : Model 5 



3.3 Controller Design for Smart Structures Modelled 
Using Timoshenko Theory 

In the following Sections, the design of the POF controllers for a smart structure 
modelled as SISO and MIMO systems using Timoshenko beam theory is presented. 



3.3.1 Design of SISO Controllers for Smart Beams Using Surface 
Mounted Piezos 

The POF control technique discussed in the section 3.1 is used to design the con- 
trol strategy for the SISO representation of the developed smart structure model 
given in the Eqs. (2.172)-(2.175) with 1 actuator input and 1 sensor output for the 
various SISO models of the same plant shown in Fig. 2.7. A sixth order state space 
model of the system is obtained by retaining the first 3 modes of vibration of the 
system. The first 3 natural frequencies obtained are 3.75 Hz, 23 Hz and 62.5 Hz. 
The performance of the designed controller is evaluated for AVC by carrying out the 
simulations in MATLAB by observing the various responses. The effect of varying 
the sensor/actuator location at different FE positions (from fixed end to the free 
end) on the beam is observed and the conclusions are finally drawn for the best 
performance model. 

The controller is designed on the similar lines as explained in the section 3.2.1 
for Euler-Bernoulli beams modelled as an single input single output system. The 
sampling interval r is taken as 0.004 secs and the number of sub-intervals N was 
taken as 10. An external force is applied at the free end of the beam, thus subjecting 





3.3 Controller Design for Smart Structures Modelled Using Timoshenko Theory 119 



it to vibrations. The OL responses are observed. The CT system in Eqs. (2.172)- 
(2.175) is sampled at a rate of thus giving rise to tau system as 
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(3.58) 



Similarly, the tau systems for the other SISO models of the smart beam are 
obtained. The stabilizing output injection gains are obtained for the tau system 
such that the eigenvalues of (<&* + GiCi) , i = 1,..,4 are placed inside the unit 
circle at appropriate locations and the response of the system has a good settling 
time. The output injection gain obtained is as 

Gi = 10 3 * [ -0.0000 0.0000 - 0.0000 

- 23.52 129.86 - 112.3952] (3.59) 

for the model 1. Similarly, the output injection gains for the other 3 models are 
obtained. The CL impulse response of all the 4 models of the smart system with the 
output injection gain are observed. Now, the CT system given in Eqs. (2.172)-(2.175) 
is sampled at a rate of thus giving rise to the delta system as 
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for the model 1. 

Similarly, the delta systems for the other 3 SISO models are obtained. The POF 
gain matrix K for the smart system is obtained by solving INK, « Gi using the 
LMI optimization method which reduces the amplitude of the control signal u. The 
POF gain matrix for the SISO model 1 of the smart Timoshenko beam is given by 

Kf = 10 2 [ 16.88 10.85 5.73 -4.33 - 3.42 - 1.78]. (3.61) 

Similarly, the POF gains are obtained for the other 3 models of the smart struc- 
ture plant. With the designed controller put in the loop, the closed loop impulse 
responses (sensor outputs) of the system and the variation of the control signal with 
time t for the 4 SISO state space models of the smart system are observed and 
shown in Figs. 3.29 - 3.36 respectively. The frequency response plot for the model 
1 is shown in Fig. 3.37. Similarly, the bode plots of the other 3 SISO models of the 
smart system are also observed. 



3.3. 1.1 Simulation Results and Discussions 

POF controllers are designed for the smart flexible cantilever beam for the 4 SISO 
models of the smart plant to suppress the first 3 vibratory modes. After observing the 
various responses as shown in the Figs. 3.29 - 3.37, the comparison and discussion of 
the simulation results of the vibration control are presented here for the best model 
required for AVC. 

From the simulation results, it is observed that modeling a smart structure by 
including the sensor / actuator mass and stiffness and by varying its location on 
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OL Imp. Resp. of DT Syst. (MODEL 1, Piezo at FE 1) 





Fig. 3.29. OL, CL response with o/p injection gain Gi (MODEL 1) 



CL Resp. with POF gain K, (MODEL 1, Piezo at FE 1) 




Fig. 3.30. CL response with POF gain Ki and control i/p ui (MODEL 1) 



the beam from the free end to the fixed end introduces a considerable change in 
the system’s structural vibration characteristics. Through the simulation results, it 
is inferred that when the plant is placed with this designed controller, the plant 
performs well and the vibrations are damped out quickly. The observations are 
made with and without the controller to show the control effect. It was observed 
that without control the transient response was unsatisfactory and with control the 
vibrations are suppressed. 
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OL Imp. Resp. of DT Syst. (MODEL 2, Piezo at FE 2) 




CL Imp. Resp. of DT syst. with 




Time (s) 



Fig. 3.31. OL, CL response with o/p injection gain G 2 (MODEL 2) 



CL Resp. with POF gain 1^ 




Fig. 3.32. CL response with POF gain K 2 and control i/p 112 (MODEL 2) 



Model 1 can be used as the best model for AVC as the control will be more effec- 
tive at the root. This is because of the following inferences observed after performing 
the simulations. 

• The sensor output voltage is greater due to the heavy distribution of the bending 
moment near the fixed end, thus leading to a larger strain rate. 

• Less control effort is required to damp out the vibrations. 

• Sensitivity of the sensor / actuator pair depends on its location on the beam. 

• The response characteristics with G and K are the best. 
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OL Imp. Resp. of DT Syst. (MODEL 3, Piezo at FE 3) 
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Fig. 3.33. OL, CL response with o/p injection gain G 3 (MODEL 3) 



CL Resp. with POF gain 1^ (MODEL 3, Piezo at FE 3) 




Fig. 3.34. CL response with POF gain K 3 and control i/p 113 (MODEL 3) 



• Vibration characteristics of the system depended not only on the collocation of 
the piezo pair, but also on many factors such as the gain of the amplifier used, 
the mode number and the location of the piezo pair at the nodal points from 
the fixed end. 

Further, responses are obtained by considering the first 2 vibratory modes also. 
Results are compared with the controllers designed for first 3 vibratory modes. The 
responses without controller, with G, K and magnitude of the control input u are 
obtained. The obtained responses by retaining the first 2 modes were nearly the same 
as the responses obtained when 3 vibration modes were considered. The designed 
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OL Imp. Resp. of DT Syst. (MODEL 4, Piezo at FE 4) 




CL Imp. Resp. of DT syst. with 




Fig. 3.35. OL, CL response with o/p injection gain G± (MODEL 4) 



CL Resp. with POF gain K 4 (MODEL 4, Piezo at FE 4) 




Fig. 3.36. CL response with POF gain K 4 and control i/p 114 (MODEL 4) 



POF controller requires constant gains and hence may be easier to implement in real 
time. The limitations of Euler-Bernoulli beam theory such as the neglection of the 
axial displacements have been considered here while modeling the beam. Timoshenko 
beam theory corrects the simplifying assumptions made in Euler-Bernoulli beam 
theory and the model obtained can be closer to a exact one. 
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System: sysc Bode Diagram for SISO model 1 




3.3.2 Design of MIMO Controllers for Smart Beam with Surface 
Mounted Piezos 



In this Section, we develop the control system design using the POF control law 
discussed in 3.1 for the multivariable representation of the flexible cantilever beam 
given by the Eqs. (2.103) and (2.104) bonded with surface mounted sensors and 
actuators as collocated pairs through smart structure concept [78]. The numerical 
value of the state space matrices is given by the Eq. (2.180) in section 2.2.2. The 
performance of the MIMO smart beam is hereby evaluated for vibration control by 
carrying out the simulations by observing the various responses. The effect of placing 
the sensor-actuator pair at 2 different FE locations on the beam is observed and the 
conclusions are drawn. The multivariable controller is designed on the similar lines 
as explained in the section 3.2.2. The sampling interval r is taken as 0.004 secs and 
the number of sub- intervals N was taken as 10. The POF gain matrix K for the 
MIMO model of the smart beam is given by 



K t 



10 2 * 



-0.45 0.23 -0.35 -0.49 0.56 -0.72 0.89 0.93 
-0.46 0.28 -0.39 -0.51 0.59 -0.76 0.98 1.01 



0.87 0.41 
1.04 0.97 



(3.62) 



= [Kf K%] . 

With the designed multivariable POF controller being put in the loop with the 
smart beam modelled using Timoshenko beam theory, CL impulse responses (sensor 
outputs j/i, 1 / 2 ) with the the output injection gain G and the POF gain K, the tip 
displacements with and without the controller, the control effort Mi, M 2 required to 
control the vibrations are observed and graphically displayed as shown in Figs. 3.38 
-3.40 respectively. 

The MIMO simulation results are compared with the SISO simulation results 
as follows. A state space model is obtained by considering the mass and stiffness of 
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both the piezo patches at the 2 FE positions, but only one pair is considered active 
at a time. Hence, a SISO system is obtained with only 1 input and 1 output, say, the 
piezo placed at the free end is considered as active, whereas the pair placed at FE 
position 2 is inactive. The results of this SISO simulations for vibration suppression 
was observed and shown in Figs. 3.41 and 3.42. 



3.3.2. 1 Simulation Results and Discussions 

POF controller has been designed for the MIMO smart structure model [78]. The 
beam was divided into 4 finite elements with sensor / actuator placed at positions 2 
and 4. The various responses are obtained for the developed state space multivariable 
model. Through the simulation results, it is shown that when the plant is placed 
with this designed controller, it performs well and the vibrations are suppressed 
quickly. It is also observed that modeling a smart structure by including the sensor 
/ actuator mass and stiffness and by placing the sensor / actuator at two different 
positions introduces a considerable change in the structural vibration characteristics 
than placing the sensor / actuator pair at only one location (Fig. 3.41). 

The response takes lesser time to settle than the SISO case (Fig. 3.41) and 
the vibrations are damped out quickly. The control effort required is also less. The 
impulse responses with the output injection gain and the POF gain shows better 
performance. The sensor-actuator pair kept at position 2 controls the 2 vibratory 
modes at that finite element position 2, while the pair kept at position 4 also controls 
the 2 vibratory modes, but placed at that finite element position 4. A overall better 
performance of the system is obtained. Hence, it can be concluded that multivariable 
control of a smart structure is better compared to the SISO control as there will 
be multiple interactions of the input and output which will cause the vibrations in 
the system to damp out quickly. Responses were observed without control (open 
loop responses) and were compared with the control (closed loop responses) to show 
the control effect. From the simulations, it was observed that without control, the 
transient response was unsatisfactory and with control, the vibrations are suppressed 
to a larger extent. 

MIMO dynamic analysis is able to identify pairs of modes that occur at nearly 
identical frequencies. SISO experiments are not actually reliable when it comes to 
accurate identification of mode pairs because they are unable to positively decipher 
mode pairs from signal noise in the measured Frequency Response Functions (FRF). 
Depending on the application, the smearing of the mode pairs into single modes may 
adversely affect the control algorithm, depending on the algorithm’s sensitivity to 
the identified resonant frequencies of the system. MIMO excitation is better than 
SISO excitation as exciting only at a single point may cause poor distribution of 
input energy throughout the structure and may result in somewhat slightly disturbed 
frequency responses. A multi input test provides better energy distribution and even 
better actuation forces. 
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Fig. 3.38. OL and CL responses (with o/p injection gain G 1 , POF gain Ki), control 
i/p Mi of the beam as a MIMO system (piezo patch placed at FE position 2) 
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Fig. 3.39. OL and CL responses as a MIMO system (with o/p injection gain G 2 , 
POF gain K 2 ), control i/p 112 of the beam as a MIMO system (piezo patch placed 
at FE position 4) 
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Fig. 3.40. Tip displacements of MIMO system without and with controller 
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OL imp. resp. of SISO system 
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Fig. 3.41. OL and CL responses (with o/p injection gain G, POF gain K), control 
i/p u of the beam as a SISO system (piezo patch placed at FE position 4) 
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Tip displacment of SISO system without controller 
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Fig. 3.42. Tip displacements of SISO system without and with controller (piezo at 
free end) 
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3.3.3 Design of SISO Controllers for Smart Beams Using 
Embedded Piezos 



In the following Section, we develop the control strategy [75] for the developed 
smart structure model given in the Eqs. (2.242)-(2.243) using the POF control law 
discussed in the Section 3.1 for the various SISO models of the same plant. The 
sandwiched beam is divided into 5 FE and the control actuator is placed at FE 
position 1, whereas the sensor is varied from position 2 to 5, i.e., from the nearby 
fixed end to the free end. Four state space SISO models (1 input and 1 output) are 
thus developed for the 4 different configurations of the beam considered as shown 
in Fig. 2.12. 

In all the 4 cases, the length of the beam is 20 cm and its cross section is 1 
mm by 2 cm. The length of the piezo patch is 6 cm and its cross section is 1 mm 
by 2 cm. The only change in all the 4 models is in the location of the sensor. A 
sixth order state space model of the system is obtained on retaining the first 3 
modes of vibration of the system. The first 3 natural frequencies obtained are 52.03 
Hz, 97.21 Hz and 145.81 Hz. The designed POF controller is used to control the 
first 3 vibration modes of the sandwiched cantilever beam embedded with shear 
sensors and actuators through smart structure concept [75]. The performance of 
the controller is evaluated for vibration control by carrying out the simulations in 
MATLAB by observing the various responses. The effect of placing the sensor at 
different locations in the embedded sandwiched structure as non-collocated pair is 
observed and the conclusions are finally drawn. 

The controller is designed on the similar fines as explained in the section 3.2.1 
for Euler-Bernoulli beams and in section 3.3.1 for Timoshenko beams. The sampling 
interval r is taken as 0.004 secs and the number of sub-intervals N was taken as 
10. An external force is applied at the free end of the beam, thus subjecting it to 
vibrations. The OL responses are observed. The discrete models are obtained by 
sampling the system in (2.242)-(2.243) at a rate of ^ and ^ respectively giving rise 
to (4> T i, r ri , Ci)- tau systems and (<f>i, Ti, Ci)-delta systems respectively (i = 1, .., 4) 
as 
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for the model 1. 

Similarly, the tau and delta systems for the other SISO models of the embedded 
beam are obtained. It is found that all the discrete models were controllable and 
observable. The stabilizing output injection gains are obtained for the tau system 
such that the eigenvalues of (4?^ + GiCi) , i = 1, .., 4 he inside the unit circle and 
the response of the system has a good settling time. The output injection gain for 
the SISO model 1 is obtained as 



Gi = [ —4.05 5.32 2.24 



1.81 - 



8.62 3.63]. 



(3.65) 
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Similarly, the output injection gain for the other 3 models is obtained. The closed 
loop impulse response of the 4 models of the system with the output injection gain 
is also observed. The POF gain matrix K for the smart beam model is obtained by 
solving r, K, « Gi using the LMI optimization method which reduces the amplitude 
of the control signal u. With the designed controller put in the loop, the closed loop 
impulse response (sensor output) with the POF gain K for the different SISO models 
of the smart system are observed. The POF gain matrix for the SISO model 1 of 
the smart Timoshenko beam is given by 

K l = [ 32.10 - 45.78 45.32 - 32.78 12.92 12.49 

- 36.69 49.68 - 49.34 37.73], (3.66) 

Similarly, the POF gains are obtained for the other 3 models of the smart struc- 
ture plant. The closed loop impulse responses (sensor outputs) of all the models with 
the POF gain K of the system is observed. Also, the variation of the control signal 
with time for the 4 models of the sandwiched system is observed [75]. The compar- 
isons of the quantitative results of the OL and CL responses (with output injection 
gain, POF gain) and with the magnitude of the control efforts, their settling times 
required is shown in Table 3.1. 

Table 3.1. Quantitative comparative results of POF simulations for the SISO sys- 
tem (terms inside the brackets indicate the settling values), only the +ve values 
shown 



Model 


OL 


CL with G 


CL with K 


Control i/p u 
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8 mV 
(12 secs) 


7 mV 
4 (secs) 


6 mV 
(4 secs) 


1 V 


2 


7 mV 
(15 secs) 


5 mV 
4.5 (secs) 


4 mV 
(5 secs) 


1.8 V 


3 


6 mV 
(18 secs) 


4 mV 
5 (secs) 


3.6 mV 
(5.5 secs) 


2.9 V 


4 


5 mV 
(20 secs) 


3.2 mV 
5.5 (secs) 


3 mV 
(6 secs) 


3.8 V 



3.3.3. 1 Simulation Results and Discussions 

Different smart cantilever beam models with embedded shear sensors / actuators are 
developed using the Timoshenko beam theory for different sensor locations keeping 
the actuator location fixed. POF controllers are designed for the 4 SISO models of 
the smart embedded sandwiched structure to suppress the first 3 vibratory modes. 
The various responses are obtained for each of the SISO models. The comparison 
and discussion of the simulation results of the vibration control for the best model 
required for AVC is arrived at. 





Sensor o(p y 2 Sensor output (V) 



3.3 Controller Design for Smart Structures Modelled Using Timoshenko Theory 133 



OL impulse response for actuator at 1 , sensor at 2 (model 1 ) 

0.01 1 . 1 1 1 1 1 1 1 

0.005 

0 

-0.005 
- 0.01 

01 23456789 10 

0.01 
0.005 
0 

-0.005 
- 0.01 

01 23456789 10 

Time (secs) 

(a) OL response and CL response with G 

.3 CL response with POF gain K, for actuator at 1 , sensor at 2 
xIO 2 

6i 1 1 1 1 1 1 1 1 1 1 



23456789 10 




CL impulse response with output injection gain G ? 



k, 1 






■ 














Control effort 



L 














r 















0 1 23456789 10 

Time (secs) 



(b) CL response with K and control u 



Fig. 3.43. OL and CL responses with G, K and control effort u (Model 1) 
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Fig. 3.44. OL and CL responses with G, K and control effort u (Model 2) 
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Fig. 3.45. OL and CL responses with G, K and control effort u (Model 3) 
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x 1 q- 3 OL impulse response for actuator at 1 , sensor at 5 (model 4) 
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(b) CL response with K and control u 



Fig. 3.46. OL and CL responses with G, K and control effort u (Model 4) 
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From the simulation results, it is observed that by varying the sensor location 
on the beam from the free end to the fixed end introduces a considerable change 
in the system’s structural vibration characteristics. From the simulation results, it 
is inferred that when the plant is placed with this designed controller, the plant 
performs well and the responses settles in a quicker time than the open loop coun- 
terpart. The magnitude of the control signal required increases as the position of 
the sensor is changed from the nearby fixed end and moved towards the free end of 
the smart cantilever beam. The impulse responses show better performance when 
the sensor is at the nearby fixed end rather than at the free end. 

It is also observed that the maximum amplitude of the control voltage required 
to damp out the vibrations is less when the sensor is placed at FE position 2 than 
at the free end. Thus, the observations are made with and without the controller 
to show the control effect. The designed POF controller requires constant gains and 
hence may be easier to implement in real time. The simulation results show that 
a periodic output feedback controller based on Timoshenko beam theory is able to 
satisfactorily control the first 3 modes of vibration of the smart cantilever beam and 
this shows the effectiveness of the designed controller. 

Surface mounted piezoelectric collocated sensors and actuators (piezo-patches 
bonded to the master structure at top and bottom of the single flexible beam) are 
usually placed at the root of the structure (near by the fixed end) as collocated pairs, 
one above and the other below the beam in order to achieve most effective sensing 
and actuation. This subjects the sensors / actuators to high longitudinal stresses 
that might damage the brittle piezo-electric material. Furthermore, surface mounted 
sensors / actuators are likely to be damaged by the contact with surrounding ob- 
jects. The temperature effects, stray magnetic fields, noise signals, environmental 
conditions, etc., may have some effects on the behavior of the PZT’s. 

Due to these reasons, there may be some changes in the plant behavior. Embed- 
ded shear sensors / actuators can be used to alleviate these problems. The natural 
frequencies were found to be little on the higher side in the case of embedded beams. 
The limitations of Euler-Bernoulli beam theory such as the neglection of the shear 
and axial displacements have been considered here while modeling the beam. Tim- 
oshenko beam theory corrects the simplifying assumptions made in Euler-Bernoulli 
beam theory and the model obtained can be a exact one. 



3.3.4 Design of MIMO Controller for Smart Beams Using 
Embedded Piezos 

In the following Section, we develop the control strategy for the multivariable repre- 
sentation of the developed smart structure model given in Eqs. (2.247)-(2.248) for an 
MIMO case shown in the Fig. 2.13 with its numerical values given in Eq. (2.250) us- 
ing the POF control law discussed in the Section 3.1. The embedded beam is divided 
into 8 FE and the control actuators are embedded into the sandwiched structure at 
FE positions 2 and 4, whereas the sensors are embedded into the structure at FE 
positions 6 and 8 respectively. An external force is applied at the free end of the 
beam, thereby subjecting it to vibrations. 

The vibrations are damped out quickly by the incorporation of a POF controller 
being put in the feedback loop with the plant. The designed POF controller is used 
to suppress the first 3 vibration modes of the sandwiched beam. The multivariable 
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controller is designed on the similar lines as explained in section 3.2.2 for Euler- 
Bernoulli beams and in section 3.3.2 for Timoshenko beams. The performance of the 
smart beam is hereby evaluated for vibration control by carrying out the simulations 
and observing the various responses. 

The effect of placing the sensor-actuator pair at 2 different FE locations in 
between the beam layers as non-collocated pairs is observed and the conclusions are 
finally drawn. The sampling interval r is taken as 0.004 secs and the number of sub- 
intervals N was taken as 10. OL response of the system is obtained after subjecting 
it to vibrations. The discrete models are obtained by sampling the system in (2.250) 
at a rate of - and ^ giving rise to ($ T , T t , C)-tau system and ($, T, Cj-delta system 
respectively as 
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and 



r T = 10~ s 



' 0.0000 -0.0001' 
0.0000 - 0.0000 
0.0000 -0.0003 
-0.0001 0.1067 
-0.0000 0.0000 
-0.0007 0.3109 



' 0.9982 0.0000 0.0000 -0.0001 0.0000 0.0000 ' 

0.0000 0.9737 -0.0000 -0.0000 -0.0004 -0.0000 

0.0000 -0.0000 0.9814 -0.0000 0.0000 -0.0001 
6.0251 0.0000 0.0000 0.9982 -0.0000 -0.0000 ’ 

-0.0000 92.8365 -0.0000 0.0000 0.9746 0.0000 

0.0000 0.0000 71.4111 -0.0000 -0.0000 0.9822 



r = io -6 



' 0.0000 - 0 . 0000 ' 
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0.0000 - 0.0001 
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(3.67) 



(3.68) 



It is found that the discrete model was controllable and observable. Stabilizing 
output injection gain is obtained for the tau system such that the eigenvalues of 
+ GC) lie inside the unit circle and the response of the system has a good 
settling time. The output injection gain obtained is as 
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The closed loop impulse response of the system with the output injection gain is 
also observed. The POF gain matrix K for the smart system is obtained by solving 
TK « G using the LMI optimization method which reduces the amplitude of the 
control signal u. The POF gain matrix K for the MIMO model of the smart beam 
is given by 
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(3.70) 



With the designed multivariable POF controller being put in the loop with the 
smart beam, the CL impulse responses (sensor outputs y i, j/ 2 ) with the POF gain 
K the control effort ui, 112 required to control the vibrations are observed and 
graphically displayed as shown in Figs. 3.47 - 3.48 respectively. The comparisons 
of the quantitative results of the OL and CL responses (with output injection gain, 
POF gain) and with the magnitude of the control efforts, their settling times required 
is shown in Table 3.2. 



Table 3.2. Quantitative comparative results of POF simulations of the embedded 
beam as a MIMO system (terms inside the brackets indicate the settling values), 
only the +ve values shown here 
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3.3.4. 1 Simulation Results and Discussions 

POF controller has been designed for the MIMO model of the sandwiched smart 
structure and when put in feedback loop with the plant, the transient oscillations die 
out quickly in lesser time and steady state is reached quickly. It is also observed that 
modeling a smart structure by including the sensor / actuator mass and stiffness 
and by placing the sensor / actuator at two different positions in between the beam 
layers introduces a considerable change in the structural vibration characteristics 
than placing the sensor / actuator pair at only one location (Figs. 3.43 - 3.46). The 
response takes lesser time to settle than the SISO case (Figs. 3.43 - 3.46) and the 
vibrations are damped out quickly. A overall better performance of the system is 
obtained as there will be multiple interactions of the input and the output which 
will cause the vibrations in the system to be damped out quickly. 

Responses were observed without control and were compared with the control to 
show the control effect. From the simulations, it was observed that without control 
the transient response was unsatisfactory, takes a lot of time to settle and with con- 
trol, the vibrations are suppressed. The limitations of Euler-Bernoulli beam theory 
such as the neglection of the shear and axial displacements have been considered 
here while modeling the beam. Timoshenko beam theory corrects the simplifying 
assumptions made in Euler-Bernoulli beam theory and the model obtained can be 
closer to a exact one. 



3.4 Conclusions 

POF controllers are designed successfully to control the first few vibratory modes 
of a smart cantilever beam modelled using 2 type of beam theories, viz., Euler- 
Bernoulli beam theory and Timoshenko beam theory. New AVC schemes to control 
the flexural vibrations of SISO and MIMO smart models were presented. Different 
sensor / actuator locations bonded to the master structure (flexible cantilever beam) 
either as surface mounted piezos or as embededd type piezos were considered. It is 
observed that the the control effort required gets reduced when the piezo pair is 
moved towards the root of the structure. 

Better performances are obtained when the piezo pair is at the root (fixed end) 
rather than at the free end. The open loop impulse responses of the plants (with- 
out the controller) shows an oscillatory time response and takes more time for the 
vibrations to decay out. The closed loop responses of the plant with the POF gain 
shows that the performance obtained by the output injection gain is realized with 
the POF gain and the vibrations are suppressed quickly by the introduction of the 
POF controller. Multivariable control of a smart structure is inferred to be better 
compared to the SISO control as there will be multiple interactions of the input and 
the output which will cause the vibrations in the system to be damped out quickly 
than the earlier case. 

A multi input multi output test provides better energy distribution and even 
better actuation forces. Unlike static output feedback, the POF control always guar- 
antees the stability of the closed loop system and all the states are not needed for 
control purposes. Fault tolerant control in the event of an actuator failure in a mul- 
timodel system is also proposed which showed that even when an actuator fails to 
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function in a multivariable system, the system stabilizes. A higher order smart struc- 
ture model is designed by considering more number of vibratory modes. A reduced 
order model is thus obtained and a robust controller is designed via the reduced 
order model and then applied to the higher order model which works satisfactorily. 




4 



Fast Output Sampling Feedback Controllers for 
Smart Structures 



In the fourth Chapter of this monograph, various types of control strategies for the 
SISO and MIMO state space models of the smart structure developed in the Chapter 
2 using the fast output sampling feedback control law (a type of multirate output 
feedback technique) is presented. The main aim of developing these control strategies 
is to control and damp out the flexural or transverse vibrations of flexible beams 
when they are subjected to an external disturbance, say an impulse or a sinusoidal 
disturbance at the free end of the flexible beam or due to an actuator failure in a 
multivariable system. In the first part of this Chapter, the design of Fast Output 
Sampling (FOS) feedback controllers for the active vibration suppression of beams 
modelled with Euler-Bernoulli beam theory is discussed, while in the latter part of 
this chapter, the design of FOS controllers for the active vibration suppression of 
beam modelled with Timoshenko beam theory is presented. The performance of all 
the designed controllers are evaluated by performing the simulations and observing 
the various responses. Conclusions are finally drawn regarding the simulated results. 



4.1 A Brief Review of the Fast Output Sampling 
Feedback Control Technique 

The problem of FOS was studied by Werner and Furuta [51], [126] for LTI systems. 
They have shown that the poles of the DT control system could be assigned arbi- 
trarily using the FOS feedback control technique. As the constant gains are used 
in FOS technique, this method could easily be implemented and indicated a new 
possibility. Such a control law can stabilize a much larger class of systems. In this 
control law, the output of the system is sampled at a faster rate than the control 
input. A brief introduction to this type of control technique is as follows. 

Consider a plant described by a LTI state space model given by 

x(t) = Ax(t) + Bu(t ) , y(t) = Cx(t), (4-1) 

where x £ SR”, u £ SR m , y £ SR P , A, B, C are constant matrices of appropriate 
dimensions and A e SR" X ”, B e SR” xm , C e SR px ”. 
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Let (<I> T , F t , C) be the system in (4.1) sampled at r secs and given by 

x((k + 1)t) = 4> T a;(fcr) + V T u{kr), y{kr) = Cx(kr). (4-2) 

It is assumed that ('Ll-, T t , C) be named as the r system and is completely 
controllable. Assume that the plant is to be controlled by a digital computer with 
sampling interval r and a sampled data state feedback design has been carried out 
to find a state feedback gain F such that the closed loop system 

x(kr + t) = (4? t + F T F) x(kr) (4-3) 



has desirable properties, i.e., an state feedback gain matrix F is designed such that 
the eigen values of (<I> T + V T F) are placed inside the unit circle at appropriate loca- 
tions (no eigen values at the origin) and the closed loop system has a good settling 
time. Here, 



<I> T = e Ar 


(4.4) 


T 

= j e As ds B. 


(4.5) 



o 



Instead of using a state observer, the following sampled data control can be 
used to realize the effect of the state feedback gain F by output feedback and then 
applied to this discretized system. Let A s i.e., an output-sampling interval 
t is divided into N sub-intervals of width A = jf, where N being greater > the 
observability index v of (4?,C) and the hold function is assumed to be constant 
over these sub-intervals as shown in Fig. 4.1. The block-diagrammatic view of the 
FOS control technique is shown in Fig. 4.2. The control signal u(t), which is applied 
during the interval fcr < t < ( k + l)r, is then constructed as a linear combination 
of the last N output observations as 



u(t) = [ Lq Li L 2 • • • Ljv-i ] 



y{kr - r) 
y(kr — t + A) 



L y k , (4.6) 



L y(kr — A) J 



where the matrix blocks Lj represent the output feedback gains and (weights for 
the individual output samples) the notations L, yk has been introduced here for 
convenience. Note that - is the rate at which the loop is closed, whereas the output 
samples are taken at the A-times faster rate 

To show how a FOS feedback controller in Eq. (4.6) can be designed to realize the 
given sampled data state feedback gain F for a controllable and observable system 
( A,B,C ), we construct a fictitious, lifted system for which the Eq. (4.6) can be 
interpreted as static output feedback [48]. To see the relationship between the gain 
sequence and the closed loop behavior, consider the CT system in (4.1) sampled at 
the rate of giving rise to the delta system, (4>, T, C). Consider the discrete time 
system at time t = fcr, having the input Uk = u(fcr), the state Xk = x(kr) and the 
output as yk- Then, we have a lifted system given as 



Xk +1 = 'hr Xk + r T Uk , Vk +1 = Co x(k) + Do u(k), 



(4.7) 
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Fig. 4.1. Graphical illustration of the FOS control law 
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Fig. 4.2. Block diagrammatic representation of the FOS control law 



where Co and Do are the matrices of the lifted system given as 
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Now, since the state feedback gain F has already been designed, then assuming 
that in the interval kr < t < (kr + r), 

u(t) = F x(kr), (4-9) 

one can define the fictitious measurement matrix as 

C(F, N) = (Co + D 0 -F) ($ T + r t F)-\ (4.10) 

which satisfies the fictitious measurement equation 

Vk = C Xk ■ (4-11) 

The measurement matrix of this fictitious system can almost be made equal to 
have full column rank so that any sampled data SFB gain for the system in (4.1) 
can be realized by the control law (4.6). Then, the feedback law in (4.6) can be 
interpreted as static output feedback control law as 



Uk — L yk (4-12) 

for the system in (4.7) with the measurement matrix C. For L to realize the effect 
of F in the Eqs. (4.7) and (4.8), it must satisfy the equation 

LC = F. (4.13) 



Let v denote the observability index of (4>, C). It can be shown that for N > v, 
generically, C has full column rank, so that any state feedback gain F can be realized 
by a FOS feedback gain L. At f = 0, the control signal u(t) = uo for 0 < t < r 
cannot be computed from Eq. (4.6) since the output measurements are not available 
for t < 0. If the initial state xo is known, one can take uo = Fx o. If xq is unknown 
and estimated with error A*o, the value of uo will differ by Auo = F Axo from the 
control signal which would be applied if the initial states were known and there will 
be an error A Uk = Uk — F Xk ■ For k > 1, Uk can be computed from Eq. (4.6), but 
if Auo ^ 0, the assumption Uk = F Xk and therefore yk = C Xk does not hold good 
and the effect of initial error Auo would propagate through the closed loop response 
of the system. One can verify that the closed loop dynamics is governed by 

Xk + 1 
Auk+i 

The system in Eq. (4.7) under the application of control law in Eq. (4.12) is 
stable if and only if F stabilizes (<I> T ,r T ) and the matrix (LDo — FT t ) has all its 
eigen values inside the unit circle. To see this, apply the coordinate transformation, 



to the equation 

%k-\- 1 
Uk+1 

and use Eq. (4.10). Thus, we have the eigen values of the closed loop system under a 
FOS control law in (4.6) as those of (4> r + r T .F) together with those of (LDo — FT t ). 
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—F I 



(4.15) 
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This suggests that the state feedback F should be obtained so as to ensure the 
stability of both (<f> T + r T F) and (LDo — FV T ). 

It is realized that with this designed FOS feedback controller, 2 problems are 
required to be addressed. 

The first problem is the unknown states are estimated implicitly using the mea- 
sured output samples and assuming that the initial control is generated by the state 
feedback. If the external disturbances cause an estimation error, then decay of this 
error will be determined by the eigen values of the matrix (LDo — FTV) which de- 
pends on L and whose dimensions equals the number of control inputs. For stability, 
these eigen values have to be inside the unit disc and for fast decay, they should be 
as close to the origin as possible. This problem must be taken into account while 
designing L. 

The second problem is as follows. The problem with controllers obtained in 
this way is that, although they are stabilizing and achieve the desired closed loop 
behavior at the output sampling instants, they may cause an excessive oscillation 
between inter-sampling instants. The controller obtained using (4.13) may give the 
desired behaviour, but might require excessive control action and the FOS gains 
obtained may be very high. In practice, these high gains may amplify measurement 
noise, saturate the actuator and it is desirable to keep these values low. When trying 
to deal with these problems, it turns out that it is better not to insist on an exact 
solution to the design equation L C = F and one can allow a small deviation 
and use an approximation L C « F, which hardly effects the desired closed loop 
dynamics, but may have considerable effect on the 2 problems discussed above. Thus, 
we are putting a constraint on the gain L. 

Instead of looking for an exact solution to the inequalities, the following inequal- 
ities given below are solved. 

|| L ||< pi, || LDo-FT t ||<p 2 , ||LC-F||<p 3 . (4.17) 



Here, in Eq. (4.17), the 3 objectives have been expressed by the upper bounds 
on the matrix norms, and each should be as small as possible, pi small means 
means low noise sensitivity, p 2 small means fast decay of observation error, and 
most importantly, p 3 small means that the FOS controller with gain L is a good 
approximation of the originally designed state feedback controller. If p 3 = 0, then L 
is a exact solution. If the bounds pi and p 2 are known, one can keep these bounds 
fixed and minimize p 3 under these constraints. This requires a search for a FOS 
controller which gives the best approximation of the given SFB designed under the 
constraints represented by pi and p 2 . It should be noted here that CL stability 
requires p 2 < 1, i.e., the eigen values which determine the error dynamics must lie 
within the unit disc. 

Using the schur compliment, it is straight forward to bring these conditions in 
the form of LMI [121] [50] as 
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In this form, the function mincx( ) of the LMI control toolbox [121], [50] can be 
used to minimize a linear combination of pi, p 2 and p 3 for the synthesis of L. 



4.2 Controller Design for Smart Structures Modelled 
Using EB Theory 

In the following sections, the design of the FOS feedback controllers for SISO and 
MIMO models of the smart structure modelled using Euler-Bernoulli beam theory 
is presented. 



4.2.1 Design of SISO Controllers for Smart Beam Divided into 
3, 4, 5 Finite Elements 

The FOS control technique discussed in the previous Section 4.1 is used to design 
a controller to suppress the first 2 vibration modes of a cantilever beam through 
smart structure concept for the various SISO state space models of the 3 types of 
systems given in Section 2. 1.1:6 I(i). The performance of the 3 type of systems is 
hereby evaluated for vibration control by carrying out the simulations and observing 
the various responses. Finally, the conclusions are drawn with the discussions on the 
simulation results [91], [92]. 

The sampling interval r is selected as 0.004 secs. The number of sub-intervals 
N is chosen as 4. An external force is applied at the free end of the beam, thus 
subjecting it to vibrations. The OL responses (without the controller) are observed, 
r systems ('Fi-iy, r T ij, Cij) of the various models of the 3 systems (j = 1, 2, 3) at 
the fixed end as shown in the Fig. 2.3 are obtained by sampling the CT systems 
given in (2.73)-(2.75) at a rate of The tau systems for the SISO models are given 
by the Eqs. (3.13)-(3.15) for the piezo-patches placed only at the fixed end. 

Similarly, the tau systems of the other SISO models of the 3 systems are also 
obtained. It is found that the systems in Eqs. (3.13)-(3.15) are controllable and 
observable. The stabilizing SFB gains are obtained for each of the SISO models of 
the 3 systems such that the eigenvalues of ( , F T + F T F) are placed inside the unit 
circle at appropriate locations such that the closed loop system has a good settling 
time. The impulse response of all the models of the 3 systems with the SFB gain F 
is observed. 

Delta systems (4>ij Tii ,Cij) of the various models of the 3 systems with the 
piezo patches at the fixed end are obtained by sampling the CT systems given in 
(2.73)-(2.75) at a rate of ^ respectively. The delta systems for the SISO models are 
given by the Eqs. (3.16)-(3.18) for the piezo-patches placed only at the fixed end. 
Similarly, the delta systems of the other SISO models of the 3 systems are obtained. 
The FOS feedback gain for the SISO models with the PZT’s at the fixed end is 
obtained by solving LC « F using the LMI optimization method [121], [50] and is 
given by 

Model 1 of System 1 : Ln = [78.82 54.16 - 83.75 - 72.33] , 

Model 1 of System 2 : L i2 = [66.60 - 54.21 - 62.36 61.26], (4.21) 

Model 1 of System 3 : L i3 = [—26.66 24.25 - 13.91 11.51]. 
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Similarly, the FOS gain matrices for the other SISO models of the 3 systems 
are obtained. With the designed FOS feedback controller being put in the loop with 
the smart plant, the CL impulse responses (sensor outputs y) and the variation 
of the control signal u; with time t for all the SISO models of the 3 systems are 
observed [91], [92]. 

Here, for the sake of convenience, only the responses such as the CL impulse 
response with the FOS feedback gain and the control efforts required for the SISO 
models of the 3 systems in which the piezos are placed at the fixed and free end are 
shown in the Figs. 4.3 - 4.5. Also, the tip displacements for the same are observed 
and displayed graphically in Figs. 4.6 - 4.8. The frequency response plots for the 
SISO models when the piezo patches are placed at the fixed end is shown in Fig 
4.9(a)-(c) respectively. Simulations were also performed by considering 3 vibratory 
modes and the responses were observed. 



4. 2. 1.1 Simulation Results and Discussions 

Controllers are designed for the smart flexible cantilever beam using the FOS feed- 
back control technique for the different models of the 3 systems to suppress the 
first 2 vibratory modes [91], [92]. The various responses are observed for each of the 
state space models of the 3 systems. The comparison and discussion of the simulation 
results for the best model required for AVC is presented here. 

From the simulation results, it is observed that modeling a smart structure by 
including the sensor / actuator mass and stiffness and by varying the position of 
the sensor / actuator pair on the beam from the fixed end to the free end and by 
dividing it into a number of finite elements, introduces a considerable change in 
the system’s structural vibration characteristics, which was observed through the 
simulation results. It is inferred that when the plant is placed with this designed 
FOS controller, the plant performs well and the vibrations die out quickly than its 
open loop counterpart. 

From the output responses shown in the Figs. 4.3 - 4.8, it is observed that the 
control effort it required from the controller gets reduced if the sensor / actuator 
placement location is moved towards the fixed end. A small magnitude of the control 
signal is sufficient to control the structural vibrations of each model of the systems 
1, 2 and 3 when the piezos are placed at the fixed end. 

The individual models of the 3 systems are compared to obtain the best per- 
formance. Comparing the 3 systems, viz., system 1, 2 and 3, it is observed that if 
the smart beam is divided into 5 finite elements, the vibration characteristics is im- 
proved. Hence, it can be concluded that, the best placement of the sensor / actuator 
pair is at the fixed end of the system 3, i.e. , the model 1 of system 3. Comparing 
the responses of the various models of the 3 systems, it is observed that the model 
1 of the system 3’s vibration characteristics are the best for the vibration control of 
smart beam because of the following reasons. 

• A very small magnitude of control input u is required to damp out the vibrations 
compared to the systems 1 and 2 as a result of which less effort has to be put 
by the controller. 

• The magnitude of the impulse response (closed loop) of both the continuous and 
the discrete time system is less compared to systems 1 and 2. 
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Fig. 4.3. CL impulse response with FOS feedback gain L (sensor output y ) and 
control input u, beam divided into 3 FE, PZT placed at fixed and free end 
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Fig. 4.4. CL impulse response with FOS feedback gain L (sensor output y) and 
control input u, beam divided into 4 FE, PZT placed at fixed and free end 
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Fig. 4.5. CL impulse response with FOS feedback gain L (sensor output y) and 
control input u, beam divided into 5 FE, PZT placed at fixed and free end 
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(a) Fixed end (b) Free end 

Fig. 4.6. Tip displacement for SISO model (fixed, free end) of beam - 3 FE 
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Fig. 4.7. Tip displacement for SISO model (fixed, free end) of beam - 4 FE 
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Fig. 4.8. Tip displacement for SISO model (fixed, free end) of beam - 5 FE 
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(a) (b) 




Fig. 4.9. Bode plots for the SISO models at fixed end 



• Also, the response characteristics with F and L are best amongst all the other 
models of the 3 systems. 

• The vibrations are damped out quickly and the tip position settles quickly to its 
equilibrium position. 

Further, the model 1 of system 3 is more sensitive to the first mode as the 
bending moment is maximum, strain rate is higher, minimum deflection at the tip, 
better sensor output and less requirement of the control input (control will be more 
effective at the root), whereas at the free end of the system 3 (model 5 of system 
3), because of the lesser strain rate and maximum deflection, more control energy 
is required to damp out the vibrations. The vibration characteristics of the system 
depended not only on the collocation of the piezo pair, but also on many factors 
such as the gain of the amplifier used, the mode number and the location of the 
piezo pair at the nodal points from the fixed end. 

Further, responses are obtained by considering the first 3 vibratory modes also. 
Results were compared with the FOS controllers designed for first 2 vibratory modes. 
The obtained responses by retaining the first 3 modes were nearly the same as in 
the case of 2 vibration modes. Hence, it can be concluded that a fourth order model 
with 2 vibratory modes is sufficient to model a smart flexible beam and the control 
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input u does not excite the remaining left out modes. The quantitative results of 
the tip displacements for the models of Figs. 2.3 and A.l with piezo-patches at fixed 
end and free end are shown in Tables 4.1 and 4.2 respectively. 



Table 4.1. Tip displacement (in mm with + and - values); simulation results for 
the fixed end of the EB SISO models with settling time in secs. 



Models 


Fixed end 


With controller 


Without controller 


Mod 1, Sys 1 


1.8 mm 


-1.9 mm 


5.3 sec 


2.9 mm 


-2.7 mm 


53 sec 


Mod 1, Sys 2 


0.9 mm 


-0.9 mm 


4.8 sec 


1.3 mm 


-1.3 mm 


40 sec 


Mod 1, Sys 3 


0.78 mm 


-0.6 mm 


3.8 sec 


0.8 mm 


-0.7 mm 


48 sec 



Table 4.2. Tip displacement (in mm with + and - values); simulation results for 
the free end of the EB SISO models with settling time in secs. 



Models 


Free end 


With controller 


Without controller 


Mod 3, Sys 1 


2.6 mm 


-2.6 mm 


5.5 sec 


2.9 mm 


-2.8 mm 


25 sec 


Mod 4, Sys 2 


2.1 mm 


-2.1 mm 


5 sec 


2.7 mm 


-2.6 mm 


22 sec 


Mod 5, Sys 3 


1.5 mm 


-1.5 mm 


4 sec 


2 mm 


-1.8 mm 


15 sec 



Thus, the observations are made with and without the controller to show the 
control effect. It was observed that without control the transient response was unsat- 
isfactory, takes more time to settle and with control, the vibrations are suppressed. 
Thus, an integrated FE model to analyze the vibration suppression capability of a 
smart cantilever beam with surface mounted piezoelectric devices based on Euler- 
Bernoulli beam theory is presented in this section. To conclude, unlike static output 
feedback, the FOS feedback control technique always guarantees the stability of the 
closed loop control system, requires constant gains and easy to implement [91], [92]. 

4.2.2 Design of MIMO FOS Controller for a Multivariable System 

The FOS control technique discussed in Section 4.1 is used to design a controller to 
suppress the first 2 vibration modes of a smart cantilever beam through smart struc- 
ture concept for the multivariable representation of the smart structure plant (Fig. 
2.5). The MIMO model is given by the Eqs. (2.93) and (2.101) with its numerical 
value by the Eq. (2.105). The performance of the smart beam is hereby evaluated by 
carrying out the simulations. The effect of placing the sensor-actuator as collocated 
pairs at 2 different FE locations on the beam is observed and the conclusions are 
drawn [93]. 

The sampling interval r is selected as 0.004 secs. The number of sub-intervals 
N is chosen as 2. An external force is applied at the free end of the beam, thus 
subjecting it to vibrations. The OL responses (without the controller) are observed. 
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The r system (4>T,r r ,C) is obtained by sampling the CT system (2.105) at a rate 
of - and is given by Eq. (3.19). It is found that the r system is controllable and 
observable. The stabilizing SFB gains are obtained for the tau system such that the 
eigenvalues of (<I> T + Ei-E) are placed inside the unit circle at appropriate locations 
and the response of the CL system has a good settling time. The state feedback gain 
obtained is as 



F = 10 2 



2.2210 0.3116 -1.7156 0.4210 
-1.2302 0.2118 1.0015 -0.3153 



(4.22) 



The impulse response of the MIMO system with the SFB gain F is observed and is 
shown in the Figs. 4.10 and 4.11. 

The delta system (4>,F,C) is obtained by sampling the CT system (2.105) at a 
rate of and is given by Eq. (3.21). The FOS feedback gain the MIMO model is 
obtained by solving LC ss F using the LMI optimization method [121], [50] and is 
given by 



L = 1CT 4 



2.29.7 1.4650 

-1.1108 -0.0686 
4.0057 3.2805 

-3.4527 -2.3226 



(4.23) 



With the designed multivariable FOS feedback controller put in the loop with 
the plant, the CL impulse responses (sensor outputs yi and j/ 2 ), the variation of the 
control signal u\ and 112 with time t for the MIMO model is observed and shown in 
Figs. 4.12 and 4.13. 



4.2.2. 1 Simulation Results and Discussions 

FOS feedback controller has been designed for the MIMO model of the smart struc- 
ture developed using the EB beam theory [93]. The beam was divided into 4 FE 
with sensor / actuator placed at FE positions 2 and 4. The various responses are 
obtained for the developed multivariable state space model of the beam without and 
with the controller. Through the simulation results, it is shown that when the plant 
is placed with this designed controller, the plant performs well and the vibrations 
are suppressed quickly. 

It is also observed that modeling a smart structure by including the sensor 
/ actuator mass and stiffness and by placing the sensor / actuator at 2 different 
positions introduces a considerable change in the structural vibration characteristics 
than placing the sensor / actuator pair at only one location as in [91], [92]. In this 
section, it is observed that when the pair is kept at 2 different locations, the closed 
loop responses of the MIMO system is less oscillatory compared to the single input 
single output case. 

The response take lesser time to settle than the SISO case and the vibrations are 
damped out quickly. The control effort required is also less. The impulse responses 
with the SFB gain and the FOS feedback gain show better performance. The stabi- 
lizing SFB gain for the multivariable plant is obtained so that its poles are placed 
inside the unit circle at appropriate locations such that the system has a very good 
settling time. The sensor-actuator pair kept at position 2 controls the 2 vibratory 
modes at that FE position 2, while the pair kept at position 4 also controls the 2 
vibratory modes, but placed at that FE position 4. An overall better performance 
of the system is thus obtained. 
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CL Resp of DT system with state f/b gain FI 




Fig. 4.10. Response j/i with SFB gain Fi (MIMO model of the beam : FOS control) 



CL Resp of DT system with state f/b gain F2 




Fig. 4.11. Response j /2 with SFB gain F 2 (MIMO model of the EB beam : FOS 
control) 



Hence, it can be concluded that multivariable control of a smart structure is 
better compared to the single input single output control as there will be multiple 
interactions of the input and the output which will cause the vibrations in the 
system to damp out quickly. MIMO excitation is better than SISO excitation as only 
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exciting at a single point may cause poor distribution of input energy throughout 
the structure and may result in somewhat slightly disturbed frequency responses. 



CL response with fast o/p sampling f/b gain LI 




Fig. 4.12. Response yi with FOS feedback gain Li (MIMO model of the EB beam: 
FOS control) 




Plot of control input u2 with L2 




Fig. 4.13. Response y? with FOS feedback gain L 2 (MIMO model of the EB beam: 
FOS control) 
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A multi input test provides better energy distribution and even better actuation 
forces. Responses were observed without control and were compared with the con- 
trol to show the control effect. From the simulations, it was observed that without 
control, the transient response was unsatisfactory and with control, the vibrations 
are suppressed to a greater extent. An integrated FEM-SS model to analyze the 
vibration suppression capability of a smart cantilever beam with surface mounted 
piezoelectric devices based on EB beam theory for a MIMO case is developed in this 
Section. 

4.2.3 Design of Robust Decentralized Fault Tolerant Controller for 
Smart Structures 

4. 2. 3.1 Multimodel Synthesis 

As in the case of POF design for multimodel system discussed in section 3. 2. 3:1, 
FOS controller can also be designed for the multimodel system [52]. This is briefly 
discussed in the following paragraphs. Consider a family of plant models {A;, Bi,Ci} 
defined by 

x = AiX + BiU, y = CiX, i = 1, 2, 3, 4, ...., M. (4.24) 

By sampling at the rate of we get a family of discrete systems (4?;, Ti, Ci). Now, 

consider the augmented system defined as 

■-l-i 0 0 •••- 

4> = dia<?(4>!, ..., 4 >m) = ° $2 ' ' ' ' , (4.25) 

_ 0 0 • • • $ M _ 

Ti 0 0 • • • " 

Y = diag{V 1 ,...,V M )= ° ^ ! , (4.26) 

.o o • • • r m . 

and 

(5= [Cl, Cl .... Cm], * = 1 to M, M = 4. (4.27) 

Consider the family of discrete time systems in Eq. (4.24) having at time t = hr, 
the input Uk = u(kr), the state vector Xk = x(kr) and the output yu as 

Xk-\-i — 4 - ti Xk I - r Ti rt(A:), yk + i — Co ix(k') T Doiu(A:), (4.28) 

where Coi and Do; are the matrices of the lifted system given as 

0 

CiTi 
N—2 

Ci £ 4R Fi 

t=o 
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Assume that the discrete models (4?,-; , F T ;) are controllable. Then, we can find 
a robust state feedback gain F such that (4? T ; + T T iF) has no eigen values at the 
origin, CL poles are placed at the appropriate locations and the system responses 
has a good settling time. Then, assuming that in the interval kr < t < (hr + r), 

u(kr) = F x(kr), (4.30) 

one can define the fictitious measurement matrix, 

C i(F,N) = (Cm + D 0 ;F) ($ Ti + r Ti F0 _1 , (4.31) 

which satisfies the fictitious measurement equation 

Vk = C i x k , (4.32) 



i.e, to design the FOS controller for the multi-model system, the initial part of 
design upto the calculation of the measurement matrix is done independently for 
each plant. For robustness, FOS feedback controller gains L are obtained by solving 
the equation 

L C i = F, i = 1 to M, M = 4, (4.33) 

which can be rewritten as 

L C = F, (4.34) 

where 

C = [Ci Cl C 3 C 4 ] (4.35) 

are the new fictitious output measurement matrices for the individual plant models 
and 

F = [ F F 2 F 3 F a } . (4.36) 

IF v denotes the observability index of (4>, C), it can be shown that for N > v, 
generically, C has full column rank so that the robust SFB gain can be realized by a 
FOS feedback gain L. With a FOS feedback gain which satisfies the Eq. (4.33), for 
each model the closed loop eigen values are the eigen values of the following matrix 



4? T ; + r Ti F r Ti 

0 LDo; — FiF T i 



i = 1,2, 3, 4, 



(4.37) 



which shows that the CL eigen values are still the ones for which the state feedback 
gains Fi have been designed, together with those of (LDo; — TTri). 

Thus, we have the eigen values of the closed loop system under a FOS control law 
in (4.33) as those of (4?™ + T T iF) and (LDo; — F;T t ;). This suggests that the state 
feedback F should be obtained so as to ensure the stability of both (4> T i + T T iF) and 
(LDoi — FiY T i). The lifted system in Eq. (4.28) is stable if and only if F stabilizes 
($ Ti ,r Ti ) and the matrix (LDo; — FiT r i) has all its eigen values inside the unit 
circle. 

Thus, the designed FOS gain L for the multimodel system realizes the designed 
F for all plants of the family. The controller obtained may be all right, but from the 
practical point of view, it may require excessive control action and the FOS gain 
values may be very high. To reduce this effect of gain on the control effort, we put a 
constraint on the gain using the spectral norms and then solve the linear equation 
(4.34) using the LMI optimization method [121], [50] for the multimodel system. 
The inequality constraint equations given in (4.17) - (4.20) can be used to solve the 
multimodel optimization problem. 
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4. 2. 3. 2 Fault Tolerant Controller Design 

In this Section, we design a fault tolerant control strategy such that the vibrations 
are effectively controlled in the event of failure of one of the actuators in the system 
dynamics. Such a failure mode can be modelled by replacing the i th column of the 
input matrix by zero, i.e. , the i th column of B as zero indicates that the i th actuator 
on the beam has failed. This consideration leads us to the problem of finding a 
control law that stabilizes the plant under normal operations and the 4 multivariable 
models corresponding to the 4 different failure modes. Sections 4.1 and 4.2.3: 1 are 
used for the controller design here. The performance of the smart beam is hereby 
evaluated for vibration control by carrying out the simulations and observing the 
various responses and studying the effect of actuator failure [83], [84]. 

External disturbance is applied at the free end of the beam, thereby subjecting 
it into the vibrating mode. Now, when the system is in the vibrating mode, when 
a actuator fails to perform (because of the reasons mentioned in section 2.1.3), a 
robust controller is designed in such a way that putting it in the loop with the 
plant during the actuator failure, will bring back the system to stability. 4 models 
were obtained by considering 1 actuator failure at a time on the flexible beam. The 
sampling interval used is r = 0.004 seconds. The number of sub-intervals N is chosen 
as 4. 

By sampling the 4 CT-SS models given in the Eqs. (2.112) and (2.118) at a 
rate of - and we get a family of tau systems (4> T , r T », Ci) and delta systems 
(4>, T;, Ci). One of these models, namely for the actuator failure at FE location 8, 
i.e., the fourth actuator, the tau and delta system is given by Eqs. (3.29) and (3.30). 
Similarly, the tau and delta systems for the other 3 MIMO models are obtained. 

Stabilizing SFB gains are obtained such that the eigen values of (<f> T + T t F) 
are placed inside the unit circle at appropriate locations and the response of the 
system has a good settling time. The CL impulse responses with the SFB gain F 
is observed. Here, as we are dealing with robust stabilization, we have to find a 
L which will satisfy LCi = F, (i = 1, ..,4) using the LMI optimization approach. 
Using LMI theory, the Eqs. (4.17) - (4.20) are solved for different values of pi, p 2 
and ps and to find the RDFOS feedback gain matrix L. 

Using this F, if the LMI constraints given in the Eqs. (4.17) - (4.20) are solved, 
the robust FOS feedback gain matrix for the multi-model system may become full. 
This results in the control input of each actuator of the model being a function 
of the output of all the sensors. Decentralized robust FOS feedback control can be 
achieved by making the off-diagonal elements of Lo, L \ , L 2 ,...,Ln-i matrices zero. 
So, the structure of the resulting elements of L ; (i = 0, 1, 2, 3, ..., N — 1) matrices for 
the 4 models of the plant are assumed as 



Li = Diag [ Lm, Li 22 , Li 33, Li44] 



Lin 0 0 0 

0 Li22 0 0 

0 0 Li33 0 

0 0 0 Lt\'\ 



, i = 0 , 1 , ... (JV— 1). 

(4.38) 



With this structure of Li, the problem can be formulated in the framework of 
LMI and the desired matrices can be obtained. Now, it is evident that the control 
input Ui of each plant model is a function of the output j/i of that plant model only 
and this makes the FOS feedback control technique based smart structure system a 
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robust decentralized one. The RDFOS controller obtained by the designed method 
requires only constant gains, easier to implement in real time. The RDFOS gain 
matrix L for the multimodel system is given by 

L 0 = Diag [ 30.86 - 40.79 36.75 - 22.33 ] 

Li = Diag [ - 60.60 47.21 21.36 - 15.26 ] 

L 2 = Diag [ 63.66 - 55.25 23.91 - 31.51] (4 ' 4 ' } 

L 3 = Diag [ 70.84 - 65.63 - 52.53 40.56 ] 

The closed loop responses with this RDFOS feedback gain L for all the 4 multivari- 
able models of the smart structure plant (with one actuator failure at a time) are 
observed. 

4. 2. 3. 3 Simulation Results and Discussions 

RDFOS feedback controller is designed for the multimodel smart system using the 
multivariable models of the single plant when subjected to an actuator failure [83], 
[84]. The beam has been divided into 8 FE and sensor / actuator pair bonded to 
the master structure at even FE. Four state space models have been obtained by 
considering the successive failure of one actuator at a time. Simulations are done in 
Matlab and the various responses (tip displacements, OL, CL, magnitude of control 
inputs) are observed when a failure of one of the piezo-patches on the beam takes 
place. 

From the simulation results, it is inferred that when the plant is placed with the 
designed controller and when any one of the actuators fails to function, even then 
the controller stabilizes all the 4 models and damps out the oscillations quickly, 
stability is restored and the performance is not deteriorated. In the control law 
presented, the control input to each actuator of the multimodel system is a function 
of the output of that corresponding sensor only and the gain matrix has got all 
off-diagonal elements zero. This makes the FOS feedback control technique a robust 
decentralized one. This would render better control as it requires only constant 
gains and hence implementation may become easier. A robust control system has 
thus been designed with the constraint that the CL system be stable even if one of 
the input actuators has failed. 

The transverse vibrations of the tip (i.e. , tip displacement which is nothing but 
the first state variable xi plotted as a function of time t) for the multimodel system 
when the fault takes place at FE position 2 or 4 or 6 or 8 is shown in Figs. 4.14 
and 4.15 respectively (with and without controller). From these figures, it is inferred 
that the actuators placed at FE position numbering 2 or 4 or 6 or 8 fails, the tip 
displacements of the beam w.r.t. the neutral axis of the beam takes a lot of time 
to decay out without the controller, whereas with the controller the vibrations are 
damped out quickly. 

Thus, the tip displacements are well controlled and within the limits and the plots 
of tip displacements show a good damping enhancement, which can also be seen from 
the quantitative results displayed in Table 4.3. The plots of time derivative of the 
tip displacement, i.e., the sensor outputs y (CL impulse responses) as a function of 
time when the fault takes place at FE positions numbering 2 or 4 or 6 or 8 with and 
without the controllers is shown in Figs. 4.17 - 4.19 respectively. 

The CL responses with the designed RDFOS gain L for the multimodel system 
with one actuator failure on the beam are observed and are found to be satisfactory. 
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What we mean by this statement is, the CL responses of the sensor outputs are well 
within limits, exhibiting a damped behavior, bringing the system back to stability 
and without going towards instability inspite of an actuator failure. Comparatively, 
the CL responses settle quickly than the OL responses and the controller effect is 
thus seen. The simulations of the 4 multivariable models of the multimodel system 
subjected to faults showed satisfactory results as the initial transients for all the 
models were within acceptable limits and the outputs settles in lesser times, i.e., 
in approximately 2 to 5 secs. By fault-tolerant control, we mean that even after a 
component failure, the smart system maintains stability. 



Actuator faikae at FE pom 2 




" 3 0 1 2 3 4 5 $ 7 » 9 10 

Time (sees* 



(a) Fault at FE 2 



Actuator faik*e at FE pom 4 




’ 3 0 1 2 3 4 5 6 7 « 9 10 

Time l*e«) 



(b) Fault at FE 4 

Fig. 4.14. Tip displacement when fault takes place at FE positions numbering 2 
and 4 (without / with controller) for RDFOS f/b control 
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(a) Fault at FE 6 
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(b) Fault at FE 8 

Fig. 4.15. Tip displacement when fault takes place at FE positions numbering 6 
and 8 (without / with controller) for RDFOS f/b control 



The comparisons of the graphical results are shown quantitatively in Table 4.4. 
It can be concluded that the CL system has good fault tolerance. The eigen values 
of the multimodel system were also found to be stable and within the unit circle 
even after the failure of the actuator. It can also be concluded that multivariable 
control of a smart structure using robust design is better compared to the SISO 
case [91], [92], This is due to the fact that there is redundancy in the selection of 
sensor / actuator pairs on the beam, i.e., in the SISO case, if there is a sensor / 
actuator failure, then the system may go towards instability, but this is not so in 
the case of multivariable systems. 
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(b) Fault at FE 2, output of sensor 3 
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(c) Fault at FE 2, output of sensor 4 



Fig. 4.16. OL / CL responses with RDFOS gain and control i/p for fault at FE 
position 2) 
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(b) Fault at FE 4, output of sensor 3 




(c) Fault at FE 4, output of sensor 4 



Fig. 4.17. OL / CL responses with RDFOS gain and control i/p for fault at FE 
position 4) 
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(a) Fault at FE 6, output of sensor 1 
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(c) Fault at FE 6, output of sensor 4 

Fig. 4.18. OL / CL responses with RDFOS gain and control i/p for fault at FE 
position 6) 
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Fig. 4.19. OL / CL responses with RDFOS gain and control i/p for fault at FE 
position 8) 
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Table 4.3. Tabulation of the comparison results of simulation (tip displacements) 
of RDFOS f/b control 



Actuator failure 
at FE position 


Settling time (secs) 


Without 

control 


With 

control 


% Damping 

(reduction in settling time) 


Position 2 


0.8 


3.2 


^ 60 % 


Position 4 


8.1 


2.4 


^ 70 % 


Position 6 


6.5 


1.7 


“ 80 % 


Position 8 


6.1 


0.8 


“ 90 % 



Table 4.4. Tabulation of the comparison results of simulation (OL / CL responses 
with F . L and control for RDFOS f/b control) 



for the multimodel system 



Parameters 


Failure of the piezo-actuator at FE location 


Position 2 


Position 4 


Position 6 


Position 8 


Sensor o/p y\ 










OL 


- 


3.2 (10) 


3.3 (10) 


3.9 (10) 


CL 


- 


3.2 (3) 


3.3 (3) 


3.8 (3) 


control ui 


- 


1.6 


0.8 


0.36 


Sensor o/p 1/2 










OL 


1.8 ( 10 ) 


- 


1.9 (9.5) 


3.6 (9.5) 


CL 


1.8 (3) 


- 


1.9 (2.5) 


3.6 (2.5) 


control U 2 


0.9 


- 


1.5 


1.8 


Sensor o/p yz 










OL 


0.9 (9.9) 


1.6 (9.5) 


- 


1 (9) 


CL 


0.9 (2.5) 


1.6 ( 2 ) 


- 


1 ( 2 ) 


control U 3 


1.6 


1.5 


- 


1.3 


Sensor o/p y 4 










OL 


0.4 (9.8) 


0.5 (9) 


1.5 (9) 


- 


CL 


0.36 (2) 


0.49 (1.5) 


0.8 ( 2 ) 


- 


control U 4 


1.9 


1.2 


0.6 


- 




















170 4 Fast Output Sampling Feedback Controllers for Smart Structures 

Similar to the conclusions drawn in the case of RDPOF at the end of the simula- 
tion results, here also the same conclusions are met for the case of RDFOS feedback. 
The simulation results showed that the FOS feedback controller gain maintained the 
performance achieved by the SFB gain. Thus, unlike static output feedback, the FOS 
feedback control always guarantees the stability of the CL system. 



4.2.4 Robust Decentralized Fast Output Sampling Feedback 
Controller Design via Reduced Order Model for Multivariable 
Systems 

In this Section, the design of a RDFOS feedback control technique for the AVC of 
smart structures for a multimodel case comprising of a family of multivariable plants 
is presented [79]. The beam structure is modeled in state space form by dividing 
it into 4 FE and placing the PE sensor / actuator at 2 finite element locations 
(positions 2 and 4) as collocated pairs, i.e., as surface mounted sensor / actuator as 
shown in Fig. 2.5. Six vibratory modes are retained in modelling the beam. A higher 
order multivariable system is thus obtained. 

The state space model of the higher order system thus obtained is given by Eqs. 
(2.121) and (2.122) with the numerical values of the A, B, C, D, E matrices given 
by the Eq. (2.123) for the model 1. Five such multivariable models are obtained 
by varying the thickness parameter of the aluminum beam, thus giving rise to a 
multimodel system of the smart structure. Using model order reduction technique, 
the reduced order model of the higher order system is obtained [62]. RDFOS feedback 
controllers are designed for the multimodel system consisting of 5 MIMO models 
using the reduced order model technique. The performance of the multimodel system 
is hereby evaluated for AVC by carrying out the simulations. A brief review about 
the model order reduction technique was presented in Section 3.2.4. 

Consider a family of plants S = {Ai, Bi, Ci} defined by 

x = A-ix + BiU, y = CiX, i = 1, 2, 3, ..., M, (4.40) 

where M = 5. The discrete systems with sampling interval r seconds can be repre- 
sented as 

x(k + 1) = $ Ti x(k) + r Ti u(k), y(k) = Cix(k). (4.41) 

There exists a transformation V), such that, 

x = Vi z (4.42) 

transforms the above system in Eq. (4.41) into the following block modal form as 
z(k + 1) = 4>;s(fc) + tiu(k), y(k ) = Ciz(k), (4.43) 



where 



4h = 



4>ii O' 
0 4 > 2i _ 






(4.44) 



and the eigen values are arranged in the order of their dominance. We now extract 
an r th order model, retaining the r dominant eigen values, by truncating the above 
systems. Using Eqs. (4.43) and (4.44), we get 



z r (k + 1) = 4>i iZ r (k) + Fi iu(k), y(k) = Cuz r (k ) 



(4.45) 
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Let u(k) = S r z r be a stabilizing control for the reduced order model in Eq. 
(4.45). Thus, the closed loop reduced model (<Fii + FiiSV) becomes stable. Now, 

Zr = [Ir : 0 r „ (n _ r )] z = [l r : 0„ (n _ r )] U _1 x. (4.46) 

.'. , we get, 

u(/u) — Sr [ Ir • — V X — Si X : 

which makes the CL system (<f> T ; + Y T iSi) stable and has no eigen values 
origin. Thus, Si = Ft are the stabilizing SFB gains for the system in Eq. 

Using these SFB gains Ft , the following inequalities are solved to obtain L. 

I! L ||< piq || LDoi — FiT T i ||< p2i, || LCi — F) ||< p3i, i = 1,2, (4.48) 



(4.47) 

at the 
(4.41). 



The controller obtained from the above equation will give desired behavior, but 
might require excessive control action. To reduce this effect, we relax the condition 
that L exactly satisfy the linear equation LC « F and include a constraint on the 
gain L. Thus, this can be formulated in the framework of Linear Matrix Inequalities 
(LMI) as given in the following equations as 



piJ 

l t 




(4.49) 



p2il LDoi — FiYri 

(LD 0i - FiFrif -I 

■ pll LC i-Fi' 

(LC i-Fif -I 



(4.50) 

(4.51) 



If the LMI constraints given in Eqs. (4.48) - (4.51) are solved using the above F), 
the robust FOS feedback gain may become full. This results in the control input of 
each model being a function of the outputs of all the models. To obtain the RDFOS 
feedback control, the off-diagonal elements of Lo, Fi, L 2 , ..., Ln~ 1 matrices are made 
equal to zero as a result of which the control input to each actuator is a function of 
the output of that corresponding sensor only. This makes the FOS control technique 
a robust decentralized one and is more feasible, requires only constant gains and 
may be easier to implement. 

The RDFOS feedback controller via reduced order model is designed as follows. 
The 5 multivariable SS models of the multimodel system is considered as the prelim- 
inary step in the controller design. A 12 th order SS model of of (12 x 12) is obtained 
by retaining the first 6 modes of vibration u)\ to uie- This higher order system is re- 
duced to a simpler 6 th order model of (6x6), by considering the effects of the 6 most 
dominant (dominant in the sense of being closed to instability) eigen values. The 
eigen values of the original system that are farthest from the origin are neglected 
and only dominant eigen values of the original system in the reduced order model 
is retained. 

An external force f ex t of 1 N is applied for duration of 50 ms at the free end of 
the beam for all the 5 models of the Fig. 2.5 and the OL responses are observed. 
RDPOF controller is designed to take care of the fault, stabilize the system and 
damp out the vibrations in quicker time. The sampling interval used is r = 0.004 
secs. The discrete models are obtained for sampling time of r = 0.004 secs and for 
A = 0.0004 secs. 
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Using the method discussed in the previous paragraphs from Eqs. (4.40) - (4.48) 
and in section 3.2.4, RDFOS feedback gain is obtained which approximately realizes 
the designed SFB gain Fi for all the models of the family. Here, as we are dealing 
with robust stabilization, we have to find a L which will satisfy LCh = Fi, i ss 1, .., 5 
all these equations using the LMI approach so that the magnitude of the control 
effort required to control the vibrations is less. 10 gain sequences of L are obtained, 
i.e., Li, ...., Lio- In our problem considered, IV = 10 had given good encouraging 
results. Using the SFB gains Fi, the LMI constraints given in Eqs. (4.48) - (4.51) 
are solved for different values of pi, p 2 and p 3 to find the RDFOS feedback gain 
matrix L for the actual models via the reduced order model. The RDFOS feedback 
gain matrix is given by 



172.1137 0 -79.0428 0 -176.0630 0 -68.3585 

0 -144.1840 0 108.1592 0 92.7216 0 



0 169.2613 0 — 9.8467e - 6 0 0.0016 0 

2.2531 0 -86.7592 0 1.289e - 5 0 -0.0020 



-0.0968 0 2.6812 0 -34.4828 0 1 

0 0.1069 0 -2.6288 0 34.4253 J ' ' 5 > 

With the designed robust controller being put in the loop, the CL impulse re- 
sponses with the RDFOS feedback gain of the system and the variation of the 
control signals with time for the multimodel system comprising of 5 MIMO plants 
are observed and shown in Figs. 4.20 - 4.24 respectively. 



4. 2. 4.1 Simulation Results and Discussions 

Robust decentralized fast output sampling feedback Controller is designed for the 
multimodel representation of multivariable plants via the reduced order model- 
ing [79]. These multivariable models of the smart beam are obtained by varying 
the thickness parameter of the beam. Simulations are performed and the various 
responses are observed for the multimodel system. Through the simulation results, 
it is shown that when the plant is placed with the designed robust decentralized 
FOS controller, all the models perform well and the vibrations die out quickly. Ob- 
servations are made with and without the controller to show the control effect. 

A new algorithm is presented for the design of robust decentralized controllers for 
a multivariable system using FOS feedback technique via the reduced order model. 
The computation of the SFB gain, which is needed to obtain the decentralized FOS 
feedback based smart structure system, becomes very tedious when a number of 
modes, especially greater than 5 are considered. Here, a SFB gain is computed from 
the reduced order model of the smart system and using the aggregation techniques 
[125], a state feedback gain can be obtained for the higher order model. 
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Model 2, sensor / actuator at 2 





Model 2, sensor / actuator at 4 





Time in secs 



(b) FE 4 



Fig. 4.21. CL responses and control inputs (sensor / actuator placed at FE positions 
2, 4) : Model 2 
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Model 3, sensor / actuator at 2 





(a) FE 2 



Model 3, sensor / actuator at 4 





(b) FE 4 



Fig. 4.22. CL responses and control inputs (sensor / actuator placed at FE positions 
2, 4) : Model 3 
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Model 4, sensor / actuator at 2 





Model 4, sensor / actuator at 4 





Time in secs 



(b) FE 4 

Fig. 4.23. CL responses and control inputs (sensor / actuator placed at FE positions 
2, 4) : Model 4 
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Model 5, sensor / actuator at 2 
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The RDFOS feedback gain which realizes this SFB gain, can be obtained for 
the actual model. It is found that the designed RDFOS controller via the reduced 
order model provides good damping enhancement for the models of the smart struc- 
ture system. In the designed control law, the control input to each actuator of the 
multivariable plant’s multimodel is a function of the output of that corresponding 
sensor only and the gain matrix has got all off-diagonal elements zero or very small 
compared to the diagonal terms. This makes the FOS control technique a robust 
decentralized one and would render better control. 



4.3 Controller Design for Smart Structures Modelled 
Using Timoshenko Theory 

In the following Sections, the design of the FOS controllers for a smart structure 
modelled as SISO and MIMO systems using Timoshenko beam theory is presented. 

4.3.1 Design of SISO Controllers for Smart Beams Using Surface 
Mounted Piezos 

The FOS control technique discussed in the Section 4.1 is used to design the control 
strategy for the SISO representations of the developed smart structure models as 
shown in Fig. 2.7 with surface mounted collocated piezo patches [73]. The various 
SISO models are given in the Eqs. (2.172)-(2.175). A sixth order state space model 
of the system is obtained by retaining the first 3 vibratory modes of the system. The 
first 3 natural frequencies obtained are 3.75 Hz, 23 Hz and 62.5 Hz. The performance 
of the designed controller is evaluated for AVC by carrying out the simulations and 
by observing the various responses. The effect (role) of varying the sensor/actuator 
location at different FE positions (from fixed end to the free end) on the beam is 
observed and the conclusions are drawn for the best model required for AVC. 



4 





(b) Model 2 



Fig. 4.25. OL responses for PZT at FE positions 1 and 2 for SISO models of 
Timoshenko beam (surface mounted PZT) 
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(a) Model 3 (b) Model 4 



Fig. 4.26. OL responses for PZT at FE positions 3 and 4 for SISO models of 
Timoshenko beams (surface mounted PZT) 




(a) Model 1 (b) Model 2 



Fig. 4.27. CL responses for PZT at FE positions 1 and 2 for SISO models of 
Timoshenko beams (surface mounted PZT) 
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(a) Model 3 



1 



CL Resp. with L. PE at 4 




(b) Model 4 



Fig. 4.28. CL responses for PZT at FE positions 3 and 4 for SISO models of 
Timoshenko beams (surface mounted PZT) 
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(a) Model 1 (b) Model 2 



Fig. 4.29. Control inputs at FE positions 1 and 2 for SISO models of Timoshenko 
beams (surface mounted PZT) 



k- 




(a) Model 3 



(b) Model 4 



Fig. 4.30. Control inputs at FE positions 3 and 4 for SISO models of Timoshenko 
beams (surface mounted PZT) 



An external force is applied at the free end of the beam, thus subjecting it to 
vibrations. The OL responses are observed and shown in the Figs. 4.25 and 4.26. 
The controller is designed on the similar lines as explained in the Section 4.2.1 on 
Euler-Bernoulli beams modelled as SISO systems. The sampling interval r is taken 
as 0.004 secs and the number of sub-intervals N was taken as 4. The CT system in 
Eqs. (2.172)-(2.175) is sampled at a rate of i, thus giving rise to tau systems. The 
tau system for the model 1 is given by the Eq. (3.58). Similarly, the tau systems 
for the other SISO models of the smart beam are obtained. It is found that the tau 
systems are controllable and observable. The stabilizing SFB gains are obtained for 
each of the SISO models of the smart beam such that the eigenvalues of (4?,- + T t F) 
are placed inside the unit circle at appropriate locations and the response of the 
system has a good settling time. The CL impulse responses of all the 4 SISO models 
with the SFB gain F is observed. 

Now, the CT system given in Eqs. (2.172)-(2.175) is sampled at a rate of thus 
giving rise to delta systems. The delta system for the model 1 is given by the Eq. 
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(3.60). Similarly, the delta systems for the other SISO models of the smart beam 
are obtained. The FOS feedback gain L for the 4 SISO models (model 1, 2, 3 and 
4) of the smart beam is obtained by solving L C « F using the LMI optimization 
method [121], [50] and is given by 



Li = [-19.2078 29.2089 
L 2 = [-37.1699 54.8758 
L 3 = [-86.5273 88.2034 

L 4 = [-89.5000 96.1000 



16.6960 - 10.1007] , 

33.0538 - 17.5525] , 

89.3166 - 79.0370] , 

91.9000 - 86.8000] . 



(4.53) 



With the designed FOS feedback controller being put in the loop with the smart 
plant, the CL impulse responses (sensor outputs yt) and the variation of the control 
signal m with time t for all the 4 SISO models of the smart beam are observed as 
shown in Figs. 4.27 and 4.28. 



4.3. 1.1 Simulation Results and Discussions 

FOS feedback controllers are designed for the 4 SISO models of the smart structure 
modelled using Timoshenko beam theory in order to suppress the first 3 vibratory 
modes [73]. After observing the various responses as shown in the Figs. 4.25 - 4.30, 
the comparison and discussion of the simulation results of the vibration control 
for the smallest magnitude of the control effort u and the best model for AVC is 
presented here. As in the case of the results on the POF control of SISO models 
modelled using Timoshenko beam theory with surface mounted PZT’s, here also, 
the best model required for AVC is the model 1, i.e. , the SISO model with PZT at 
the fixed end of Fig. 2.7. The model 1 is selected because of the following reasons. 

• Control will be more effective at the root. 

• The sensor output voltage is greater due to the heavy distribution of the bending 
moment near the fixed end for the fundamental mode, thus leading to a larger 
strain rate. 

• Less control effort is required to damp out the vibrations. 

• Sensitivity of the sensor / actuator pair depends on its location on the beam. 

• The response characteristics with F and L are the best amongst all the SISO 
models. 

• Vibration characteristics of the system depended not only on the collocation of 
the piezo pair, but also on many factors such as the gain of the amplifier used, 
the mode number and the location of the piezo pair at the nodal points from 
the fixed end. 

• Controller output required is very less. 

Further, responses are obtained by considering the first 2 vibratory modes also. 
Results are compared with the controllers designed for first 3 vibratory modes. The 
obtained responses by retaining the first 2 modes were almost the same as in the 
case of 3 vibration modes. The limitations of Euler-Bernoulli beam theory such 
as the neglection of axial displacement has been considered here while modeling 
the beam. Timoshenko beam theory corrects the simplifying assumptions made in 
Euler-Bernoulli beam theory and the model obtained can be closer to a exact one. 
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4.3.2 Design of MIMO FOS Controller for Smart Beam Using 
Surface Mounted Piezos 



In this Section, we develop the control system design using the FOS feedback con- 
trol law discussed in Section 4.1 for the multivariable representation of the flexible 
cantilever beam given by the Eqs. (2.103) and (2.104) and bonded with surface 
mounted sensors and actuators as collocated pairs through the smart structure con- 
cept as shown in Section 2.2.2. First 3 vibratory modes are considered. The numerical 
values of the state space matrices of the MIMO model are given by the Eqs. (2.180). 

The performance of the smart beam as a multivariable system is evaluated for vi- 
bration control by carrying out the simulations and observing the various responses. 
The effect of placing the sensor-actuator pair at 2 different FE locations on the beam 
is observed and the conclusions are drawn. The multivariable controller is designed 
on the similar lines as explained in the section 4.2.2 for EB beams. The sampling 
interval r is taken as 0.004 secs and the number of sub-intervals N was taken as 10. 
The FOS gain matrix L for the MIMO model of the surface mounted smart beam 
modelled using Timoshenko beam theory is given by 



L = 10 2 



-0.4568 

-0.4896 



0.3563 

0.3986 



- 0.5583 0.6347 

- 0.6125 0.7125 



(4.54) 



4.3.2. 1 Simulation Results and Discussions 

FOS controller has been designed for the MIMO smart structure model. The beam 
was divided into 4 FE with sensor / actuator placed at positions 2 and 4. The 
various responses are obtained for the developed state space multivariable model. 
Through the simulation results, it is shown that when the plant is placed with this 
controller, the plant performs well and the vibrations are suppressed quickly. It is 
also observed that modeling a smart structure by including the sensor / actuator 
mass and stiffness and by placing the sensor / actuator at two different positions 
introduces a considerable change in the structural vibration characteristics than 
placing the sensor / actuator pair at only one location (Figs. 4.25 - 4.30). 

The response takes lesser time to settle than the SISO case and the vibrations are 
damped out quickly. The control effort required is also less. The impulse responses 
with the output injection gain and the FOS gain shows better performance. The 
sensor-actuator pair kept at position 2 controls the 2 vibratory modes at that FE 
position 2, while the pair kept at position 4 also controls the 2 vibratory modes, 
but placed at that FE position 4. A overall better performance of the system is 
obtained. Hence, it can be concluded that multivariable control of a smart structure 
is better compared to the SISO control as there will be multiple interactions of 
the input and the output which will cause the vibrations in the system to damp 
out quickly. Responses were observed without control and were compared with the 
control to show the control effect. From the simulations, it was observed that without 
control the transient response was predominant and with control, the vibrations are 
suppressed. 

MIMO dynamic analysis is able to identify pairs of modes that occur at nearly 
identical frequencies. SISO experiments are not actually reliable when it comes to 
accurate identification of mode pairs because they are unable to positively decipher 




control signal u Sensor output y (V) Sensor output y (V) Sensor output 
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OL Imp Resp 




(a) OL Impulse response 




Time in seconds 



(b) CL impulse response with F\ 
Closed Loop response with state f/b gain F 




Control input to actuator 1 




(d) Control input u\ 



Fig. 4.31. Responses of MIMO system at FE 2 for surface mounted PZT’s of 
Timoshenko beams 
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OL Imp Resp 





(a) OL and CL Impulse response with F 2 



Closed Loop response with f.o.s. f/b gain 




Control input to actuator 2 




(b) CL impulse response with L 2 , control 112 



Fig. 4.32. Responses of MIMO system at FE 4 for surface mounted PZT’s of 
Timoshenko beams 



mode pairs from signal noise in the measured Frequency Response Functions (FRF). 
Depending on the application, the smearing of the mode pairs into single modes may 
adversely affect the control algorithm, depending on the algorithm’s sensitivity to 
the identified resonant frequencies of the system. MIMO excitation is better than 
SISO excitation as exciting only at a single point may cause poor distribution of 
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Tip displacement of MIMO system without controller Tip displacement of MIMO system with controller 





(a) (b) 

Fig. 4.33. Tip displacements of MIMO Timoshenko beam with surface mounted 
PZT’s 



input energy throughout the structure and may result in somewhat slightly disturbed 
frequency responses. A multi-input test provides better energy distribution and even 
better actuation forces. 

4.3.3 Design of SISO Controllers for Smart Beams Using 
Embedded Piezos 

In the following Section, we develop the control strategy for the SISO representation 
of the developed smart structure model given in the Eqs. (2.242)-(2.243) using the 
FOS feedback control law discussed in the Section 4.1 for the various SISO models 
of the same plant [76] with embedded shear sensors and actuators. Four different 
configurations of the beam are considered as shown in Fig. 2.12. In all the 4 cases, 
the length of the beam is 20 cm and its cross section is 1 mm by 2 cm. The length 
of the piezo patch is 6 cm and its cross section is 1 mm by 2 cm. The only change 
in all the 4 models is in the location of the sensor whereas the actuator location is 
fixed at FE position 1. 

A sixth order state space model of the system is obtained on retaining the 
first 3 modes of vibration of the system. The first 3 natural frequencies obtained 
are 52.03 Hz, 97.21 Hz and 145.81 Hz. The performance of the designed controller 
is evaluated for vibration control by carrying out the simulations and observing 
the various responses. The effect of placing the sensor at different locations in the 
embedded composite structure as non-collocated pair is observed and the conclusions 
are finally drawn for the best performance model required for the AVC [76]. 

The controller is designed on the similar lines as explained in the Section 4.2.1 
for Euler-Bernoulli beams and in Section 4.3.1 for Timoshenko beams. The sampling 
interval t is taken as 0.004 secs and the number of sub-intervals N was taken as 
10. An external force is applied at the free end of the beam, thus subjecting it 
to vibrations. The OL responses are observed. The discrete models are obtained 
by sampling the system in (2.242) and (2.243) at a rate of - and ^ respectively 
giving rise to (4?™, T t ;, (7i)-tau systems and (4?;, r», Ui)-delta systems respectively 
(i = 1, .., 4). 
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Fig. 4.34. OL / CL response with F and L / control u for model 1 (embedded 
Timoshenko beam) 



The tau and delta system for the model 1 is given by the Eqs. (3.63) and (3.64). 
Similarly, the tau and delta systems for the other 3 models are obtained. It is found 
that all the discrete models were controllable and observable. The stabilizing SFB 
gains are obtained for the tau system such that the eigenvalues of ($ T i + Y T iFi) lie 
inside the unit circle and the response of the system has a good settling time. The 
SFB gain for the model 1 is obtained as 

Fi = [ — 2.0322 0.0006 0.0024 0.0081 - 0.0003 0.0002], (4.55) 

Similarly, the SFB gains for the other SISO models are obtained. The CL impulse 
responses of the 4 models of the system with the output injection gain is observed 
and shown in Figs. 4.34 - 4.37. The FOS feedback gain matrix L for the smart system 
given is obtained by solving LC as F using the LMI optimization method, which 
reduces the amplitude of the control signal u. With the designed controller put in 
the loop, the CL impulse responses (sensor outputs) of the different SISO models of 
the smart system are observed. The FOS feedback gain matrix for the SISO model 
1 of the smart Timoshenko beam with embedded sensor /actuator is given by 

L =[ 0.1111 0.0734 0.039 0.0095 - 0.038 - 0.0304 

- 0.0403 - 0.0440 - 0.0426 - 0.0377]. (4.56) 

Similarly, the FOS gains are obtained for the other 3 models of the smart struc- 
ture plant. With the designed FOS controller put in loop with the plant, the CL 
impulse responses (sensor outputs) of all the 4 SISO models and the variation of 
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Fig. 4.35. OL / CL response with F and L / control u for model 2 (embedded 
Timoshenko beam) 



the control effort required for the 4 models of the sandwiched system to damp out 
the vibrations are observed and shown in Figs. 4.34 - 4.37. The comparisons of the 
quantitative results of the OL and CL responses and with the magnitude of the 
control efforts, their settling times required is given in Table 4.5. 

4.3.3. 1 Simulation Results and Discussions 

FOS Controllers are designed for the 4 SISO models of the smart embedded sand- 
wiched structure to suppress the first 3 vibratory modes [76]. The various responses 
are obtained for each of the SISO models. The comparison and discussion of the 
simulation results of the vibration control for the smallest magnitude of the control 
effort u required to control the vibrations of the smart composite beam is presented 
here. From the simulation results, it is observed that by varying the sensor location 
on the beam from the free end to the fixed end introduces a considerable change in 
the system’s structural vibration characteristics. 

Through the simulation results, it is inferred that when the plant is placed with 
this designed controller, the plant performs well and the responses settles in a quicker 
time. The magnitude of the control signal required increases as the position of the 
sensor is changed from the nearby fixed end and moved towards the free end of the 
smart cantilever beam. The impulse responses show better performance when the 
sensor is at the nearby fixed end rather than at the free end. It is also observed that 
the maximum amplitude of the control voltage required to damp out the vibrations 
is less when the sensor is placed at FE position 2 than at the free end. 
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Fig. 4.36. OL / CL response with F and L / control u for model 3 (embedded 
Timoshenko beam) 

Table 4.5. Quantitative comparative results of FOS simulations for the embedded 
Timoshenko beam as SISO systems (terms inside the brackets indicate the settling 
values), only the +ve values shown 



Model 


OL 


CL with F 


CL with L 


Control i/p u 


1 


10 mV 
(11 secs) 


25 mV 
5 (secs) 


25 mV 
(4 secs) 


0.005 V 


2 


22 mV 
(15 secs) 


22 mV 
6 (secs) 


22 mV 
(5 secs) 


0.01 V 


3 


20 mV 
(19 secs) 


19 mV 
7 (secs) 


19 mV 
(6 secs) 


0.05 V 


4 


18 mV 
(22 secs) 


18 mV 
8 (secs) 


18 mV 
(7 secs) 


0.06 V 



Thus, the observations are made with and without the controller to show the 
control effect. The designed FOS controller requires constant gains and hence may 
be easier to implement in real time. The simulation results show that a FOS feedback 
controller based on Timoshenko beam theory is able to satisfactorily control the first 
3 modes of vibration of the smart cantilever beam and this shows the effectiveness of 
the designed controller. The advantages of using the embedded technology in smart 
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Fig. 4.37. OL / CL response with F and L / control u for model 4 (embedded 
Timoshenko beam) 



structures is discussed in the last paragraph in the conclusion Section 3.3.3: 1 for 
AVC of embedded beams using POF. 



4.3.4 Design of MIMO Controller for Smart Beams Using 
Embedded Piezos 

In the following Section, we develop the control strategy for the multivariable repre- 
sentation of the developed smart structure model given in the Eqs. (2.247)-(2.248) 
for an embedded multivariable case with its numerical values given in the Eq. (2.250) 
using the FOS control law discussed in the Section 4.1 (Fig. 2.13). An external force 
is applied at the free end of the beam, thereby subjecting it to vibrations. 

The vibrations are damped out quickly by the incorporation of a FOS controller 
being put in the feedback loop with the plant. The designed FOS controller is used 
to suppress the first 3 vibration modes of the composite beam. The multivariable 
controller is designed on the basis of similar lines as explained in Section 4.2.2 for 
Euler-Bernoulli beams and in Section 4.3.2 for Timoshenko beams. The performance 
of the MIMO smart composite beam is hereby evaluated for vibration control by 
carrying out the simulations and observing the responses. 

The effect of placing the sensor-actuator pair at 2 different FE locations in 
between the beam layers as non-collocated pairs is observed and the conclusions are 
finally drawn. The sampling interval t is taken as 0.004 secs and the number of sub- 
intervals N was taken as 10. OL response of the system is obtained after subjecting 
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it to vibrations. The discrete models are obtained by sampling the system in (2.250) 
at a rate of - and T respectively giving rise to (4> r , F T , C)-tau system and (<f>, T, C)- 
delta system respectively as shown in Eqs. (3.67) and (3.68). 

It is found that the discrete model is controllable and observable. Stabilizing 
SFB gain is obtained for the tau system such that the eigenvalues of (4> T + T t F) lie 
inside the unit circle and the response of the system has a good settling time. The 
SFB gain is given by 



10.4076 -0.0000 63.1936 -0.0901 0.0000 -0.0235 
3.7078 -0.0000 1.0254 0.0028 0.0000 0.0007 



(4.57) 



The CL impulse response of the system is observed and shown in the Figs. 
4.38 and 4.39 respectively. The FOS feedback gain matrix L for the smart beam is 
obtained by solving LC « F using the LMI optimization method which reduces the 
amplitude of the control signal u. The FOS gain matrix L for the MIMO model of 
the smart beam is given by 



-0.2891 -0.6602 -0.3868 0.3400 1.2074 

-3.8510 4.0246 3.4152 -0.2986 -3.2085 



1.8044 1.6476 0.2116 -3.0399 -8.6228 

- 3.2732 -0.4981 3.1102 3.8097 -3.4195 



(4.58) 



With the designed multivariable FOS controller being put in the loop with the 
smart beam, the CL impulse responses (sensor outputs yi, 2 / 2 ), the control effort 




Time (secs) 



Fig. 4.38. OL / CL response with F and L / control u for PZT pair at FE 2 (MIMO 
embedded model) 
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Mi, M 2 required to control the vibrations are observed and shown in Figs. 4.38 - 
4.39 respectively. The comparisons of the quantitative results of the OL and CL 
responses with the magnitude of the control efforts, their settling times required is 
shown in Table 4.6. 



4.3.4. 1 Simulation Results and Discussions 

FOS controller has been designed for the smart structure as a multivariable system 
with embedded piezos and when put in feedback loop with the plant, the transient 
oscillations die out quickly in lesser times and steady state is reached quickly. It is 
also observed that modeling a smart structure by including the sensor / actuator 
mass and stiffness and by placing the sensor / actuator at 2 different positions 
introduces a considerable change in the structural vibration characteristics than 
placing the sensor / actuator pair at only one location (Figs. 4.34 - 4.37). The 
response takes lesser time to settle than the SISO case and the vibrations are damped 
out quickly. A overall better performance of the system is obtained as there will be 
multiple interactions of the input and the output which will cause the vibrations in 
the system to be damped out quickly. 

Responses were observed without control and were compared with the control 
to show the control effect. From the simulations, it was observed that without con- 
trol the transient response was unsatisfactory and with control, the vibrations are 
suppressed. The limitations of Euler-Bernoulli beam theory such as the neglection 
of the shear and axial displacements have been considered here while modeling 
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Fig. 4.39. OL / CL response with F and L / control u for PZT pair at FE 4 (MIMO 
embedded model) 
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Table 4.6. Quantitative comparative results of FOS simulations for the embedded 
beam as a MIMO system (terms inside the brackets indicate the settling values), 
only the +ve values shown here 



FE location 


OL 


CL with F 


CL with L 


Control i/p u 


yi 


3.9 V 


3.9 V 


3.9 V 


0.4 V 


FE 6 


30 (secs) 


2 (secs) 


(1.5 secs) 




y2 


0.95 V 


0.95 V 


0.9 V 


4 V 


FE 8 


14 (secs) 


1 (secs) 


(0.8 secs) 





the beam. Timoshenko beam theory corrects the simplifying assumptions made in 
Euler-Bernoulli beam theory and the model obtained can be closer to a exact one. 
The designed FOS controller requires constant gains and hence may be easier to 
implement in real time applications. 



4.4 Conclusions 

FOS feedback controllers are designed successfully to control the first few vibratory 
modes of a smart cantilever beam modelled using 2 type of beam theories, viz., Euler- 
Bernoulli beam theory and Timoshenko beam theory. New AVC schemes to control 
the flexural vibrations of SISO and MIMO smart models were presented. Different 
sensor / actuator locations bonded to the master structure (flexible cantilever beam) 
either as surface mounted piezos or as embededd type piezos were considered, thus 
giving rise to many state space models of the smart structure beam. It is observed 
that the control effort required to dampen out the vibrations gets reduced when the 
piezo pair is moved from the free end towards the root of the structure. The role of 
sensor / actuator position in the controller design is analyzed. The optimum sensor 
/ actuator location is identified as the position near the fixed end. 

Better performances are obtained when the piezo pair is at the root (fixed end) 
rather than at the free end. The open loop impulse responses of the plants (with- 
out the controller) shows an oscillatory time response and takes more time for the 
vibrations to decay out. The closed loop responses of the plant with the FOS gain 
shows that the performance obtained by the state feedback gain is realized with 
the FOS gain. It is also noticed from the closed loop responses that it is the FOS 
gain L which controls the first few modes of vibration. Multivariable control of a 
smart structure is inferred to be better compared to the SISO control as there will 
be multiple interactions of the input and the output which will cause the vibrations 
in the system to be damped out quickly than the earlier case. 

A multi input multi output test provides better energy distribution and even 
better actuation forces. Unlike static output feedback, the FOS control always guar- 
antees the stability of the closed loop system and all the states are not needed for 
control purposes. Fault tolerant control in the event of an actuator failure in a mul- 
timodel system is also presented which showed that even when an actuator fails to 
function in a multivariable system, the system stabilizes. A higher order smart struc- 
ture model is designed by considering more number of vibratory modes. A reduced 
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order model is thus obtained and a robust controller is designed for the reduced 
order model and then applied to the higher order model gave satisfactory results. 

From the developed control strategies seen in the Chapter, we conclude the fol- 
lowing. One one hand, the location and placement of the number of piezo pairs on 
the beam or in a composite structure played a very important role in the design 
procedure and in the system dynamics. On the other, actuator and sensor locations 
affects the controllability and observability of a controlled structure and has a in- 
fluence on the control system and the required control effort in order to satisfy a 
given desired criterion. Thus, the placement of actuator and sensor is one of the 
main problems in the design of adaptive structures today which has been dealt with 
in this Chapter. The effectiveness of the overall smart structure depended to a great 
extent on the number and distribution of the active materials included in the struc- 
ture as well as on the designed controller. Further, the FOS results of the AVC of 
beams were found to be more impressive than the POF counterpart. 




5 



Discrete Time Sliding Mode Control for Smart 
Structures 



Various types of control strategies for the SISO and MIMO state space representa- 
tions of the smart structure using the Multirate Output Feedback (MROF) based 
Discrete Sliding Mode Control (DSMC) techniques is presented in the fifth Chapter 
of this monograph. The main aim of developing these control strategies is to control 
and damp out the flexural or transverse vibrations of flexible beam when they are 
subjected to an external disturbance. Two different methods of discrete time slid- 
ing mode control strategies have been used in this application. The first one uses 
a switching function in the control and results in quasi sliding mode motion, the 
other one does not use the switching in the control function and hence eliminates 
chattering. These two methods do not need the measurement of the system states for 
feedback as they makes use of only the output samples for designing the controller. 
The methodology adopted is more practical and may be easy to implement in real 
time applications. 

The design of MROF based DSMC controllers for the active vibration suppres- 
sion of cantilever beams modelled as SISO and MIMO models using Euler-Bernoulli 
beam theory and Timoshenko beam theory with surface mounted piezos and em- 
bedded piezo sensors and actuators is presented in this context. The performance 
of all the designed controllers are evaluated for vibration control by performing the 
simulations and observing the various responses. 



5.1 Discrete Time Sliding Mode Control with 
Switching Function 

In this Section, application of the discrete sliding mode control technique using 
the output samples [70] is made for controlling the vibrations of smart structures. 
This control technique uses a switching function in the control that results in quasi 
sliding mode motion. Recently, a FOS sliding mode control algorithm (FOSSMC) 
was proposed in [127], which uses the reaching law approach. The output is corrected 
before being used for feedback purpose. The output feedback gain L is obtained from 
the state feedback gain F using the relation LC = F [52]. An improvement of this 
technique was proposed in [128] where output correction is not required to generate 
the control signal. Finally, in [70], it is shown that the switching function and the 
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control law can be directly obtained in terms of output samples and immediate past 
control input. A deep insight into the control technique used in this section is as 
follows. 

State feedback SMC : 

Consider the discrete system 

x{k + 1) =? $ T x(k) + T T u(k), y(k) = Cx(k). (5-1) 

A reaching law for the sliding mode control of a DT system is proposed in [69] 
and has the following form 

s(k + 1 ) — s(k) = —q rs(k) — e t sgn(s(k)), (5-2) 

where r > 0 is the sampling period, e > 0, q > 0, 1 — qr > 0. s(k) is the switching 
function defined as a function of the system states as 

s(k) = c T x(k) = 0. (5-3) 

Using the reaching law in (5.2), the control law u(k) for the system represented 
by the Eq. (5.1) has been obtained in [69] as 





u(k) = F x(k) +7 sgn(s(k)), 


(5.4) 


where 


F = -(c T r T ) _1 [c T <l» T - c T I + qrc T ] 


(5.5) 


and 








7 = - (c T Tr) £T. 


(5.6) 



The width of the quasi-sliding mode band 8 within which the system trajectory 
remains in steady state is given by [129] as 



O fTH- 

28 < (5.7) 

2 — qr 

Sliding mode control and switching surface from output samples 
(DQSMC): 

In order to determine the expression for the discrete sliding mode control using 
output samples, consider the system in Eq. (4.7) with k = 0 as 



x(t ) = <b T a;(0) + T t m(0), 


(5.8) 


y T = Cox(0) + .Dom(O). 


(5.9) 



As the output samples are not known before t = 0, the control u(0) can be 
obtained from Eq. (5.4) with k = 0. Now, at r sampling instant, the expression for 
‘s’ and the control ‘u’ in terms of the past output samples are derived using Eqs. 
(5.8) and (5.9) as 



s(t) = c T $- r Co 1 y T + c T (T t - QrC^Do) u( 0 ). 



(5.10) 




5.1 Discrete Time Sliding Mode Control with Switching Function 197 



and 



u( T ) = F^Co'yr + F(T t - <& t Cq 1 Do) u(0) + 7 sgn (s(r)) . (5.11) 

Similarly, for 2 r instants, s and u can be obtained as 

s(2 t) = c T $ T Co 1 y 2 T + c T (r T - QtCq 1 Da) u(t), (5.12) 

u{2 t) = FQtCo^t +F(T t - ^rC^Da) u(r) + 7 sgn (s(2 t)) . (5.13) 

It is assumed here that N = n. Since the system is observable, Cq 1 exists. Hence, 
extending the above algorithm, a generalized expression for the switching surface 
and the sliding mode control can be derived and is given [70] as 

s(k) = J^rC^Vk + C T [r T - QtCo'Do] u(k - 1) (5.14) 

and 

u(k) = F^rC^yk + F [r T - $ t C' 0 - 1 £» 0 ] u(k - 1) + 7 sgn(s(k)). (5.15) 



Thus, it can be seen from Eqs. (5.14) and (5.15) that the states of the system are 
needed neither for switching function evaluation nor for the feedback purposes. The 
main advantage of this algorithm is that a single expression is used to compute the 
switching function. It does not depend on whether a trajectory is in reaching phase 
or in switching phase. However, this control law brings only quasi-sliding mode 
motion. This means when the trajectory crosses the switching plane for the first 
time, it will cross and recross the plane again in every successive sampling interval 
resulting in zig-zag motion about the switching plane and the size of each step is not 
increasing. The trajectory stays in the band. The width of the quasi-sliding mode 
band 2 8 within which the system remains in steady state is the same as given in 
Eq. (5.7). The application of this control law to the various smart structure models 
developed in Chapter 2 is presented in the following Sections. 

5.1.1 Controller Design for Euler Bernoulli Smart Beams as 
SISO Systems 

The control technique discussed in Section 5.1 is used to design a controller to 
suppress the first 2 vibration modes of a cantilever beam through smart structure 
concept for the various SISO state space models of the smart beam given in Section 
2. 1.1:6 I(ii) for the piezo patches placed at different FE locations along the length of 
the beam [97]. The cantilever beam is divided into 4 FE. PZT’s are bonded to the 
beam at one FE position only as a collocated pair, say, at fixed end (FE location 1) 
or at FE position 2 or at FE position 3 or at FE position 4 (free end), thus giving rise 
to 4 SISO models of the same smart structure as shown in Fig. 2.4. The performance 
of these 4 SISO models is evaluated for AVC by carrying out the simulations and 
observing the various responses. Finally, discussions on the simulation results for 
optimal performance of the sensor / actuator location on the beam is presented. 
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Fig. 5.1. Plot of states, switching f/n, control for model 1 (EB beam modelled as 
SISO system with surface mounted PZT) 




(a) Sensor o/p (b) Chattering phenomenon 



Fig. 5.2. Plot of sensor o/p and chattering for model 1 (EB beam modelled as SISO 
system with surface mounted PZT) 
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Fig. 5.3. Plot of states, switching f/n, control for model 2 (EB beam modelled as 
SISO system with surface mounted PZT) 
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(a) Sensor o/p (b) Chattering phenomenon 



Fig. 5.4. Plot of sensor o/p and chattering for model 2 (EB beam modelled as SISO 
system with surface mounted PZT) 
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Fig. 5.5. Plot of states, switching f/n, control for model 3 (EB beam modelled as 
SISO system with surface mounted PZT) 




Time (secs) k 

(a) Sensor o/p (b) Chattering phenomenon 



Fig. 5.6. Plot of sensor o/p and chattering for model 3 (EB beam modelled as SISO 
system with surface mounted PZT) 
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(a) Sensor o/p (b) Chattering phenomenon 



7. Plot of sensor o/p and chattering for model 4 (EB beam modelled as SISO 
with surface mounted PZT) 



10 -3 Plot of states, switching function, control input of model 4 








Fig. 5.8. Plot of states, switching f/n, control for model 4 (EB beam modelled as 
SISO system with surface mounted PZT) 
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The 4 SISO state space models of the smart beam are given by the Eqs. (2.76) 
- (2.79). The smart beam is excited by an impulse signal applied at the free end of 
the beam for the individual SISO models shown in the Fig. 2.4. The beam is thus 
subjected to vibrations and the OL impulse response (plot of sensor outputs y as 
a function of t) of the various SISO models are observed. The designed controller 
is put in loop with the plant and the various responses are observed for all the 4 
SISO models of the same smart structure plant. Simulation is performed with a set 
of controller parameter values of q, r, N, 5, e. The plot of the various states of the 
system, the switching functions, control inputs, sensor outputs and the chattering 
band during the sliding mode are shown in Figs. 5.1 - 5.8 respectively. 

Here, the comparison and discussion of the simulation results of the vibration 
control for the smallest magnitude of the control effort u required to control the 
vibrations of the smart cantilever beam is presented [97]. Model 1 is inferred to be 
the best model for AVC because of the inferences mentioned in (a) - (h) below. 

(a) Modeling a smart structure by including the sensor / actuator mass and stiff- 
ness and by varying its location on the beam from the free end to the fixed end 
introduces a considerable change in the system’s structural vibration character- 
istics, 

(b) The uncontrolled system takes much longer time to damp out the oscillations 
as compared to the system with the designed sliding mode control input, i.e., 
without control the transient response was predominant and with control, the 
vibrations are suppressed, 

(c) When the piezo element is placed near the root, the sensor output voltage is 
greater because of the heavy distribution of the bending moment near the fixed 
end, thus leading to a larger strain rate, 

(d) Sensor voltage is less when the piezo pair is located at the free end because of 
lesser strain rate and hence require more control effort, 

(e) Sensitivity of the sensor / actuator pair depends on its location on the beam 
from the root hub, collocation of the piezo pair and the gain of the amplifier 
used, 

(f) System responds well in CL and does not exhibit undesirable chattering phe- 
nomenon. Neither does the system vibrate much, 

(g) MROF based DSMC uses the signum function in the control input and the 
control is computed from the immediate past control value and the past output 
samples, 

(h) Comparing the 4 SISO models, it is observed that if the smart beam is divided 
into 4 FE with piezo pair placed at the fixed end (SISO model 1), the vibration 
characteristics are the best to demonstrate the AVC of smart beams because of 
the above mentioned inferences. 

Hence, it may be concluded that an effective vibration control technique is 
demonstrated here [97]. 



5.1.2 Controller Design for Euler Bernoulli Smart Beam as 
MIMO System 



The control technique discussed in Section 5.1 is used to design a controller to 
suppress the first 2 vibration modes of a smart cantilever beam modelled as MIMO 
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system given in Section 2.1.2 through smart structure concept. The MIMO system 
is given by the Eqs. (2.93) and (2.101) with its numerical value in Eq. (2.105). The 
performance of the beam is evaluated for AVC by carrying out the simulations and 
observing the various responses. 



Sensor o/ps of multivariable model (Piezos at FE 2, 4) 




Fig. 5.9. Plot of sensor outputs for the EB-MIMO model 



Control inputs to actuators at FE 2, 4 of MIMO model 




Fig. 5.10. Plot of control inputs to the actuators for the EB-MIMO model 



The smart beam is excited by an impulse signal applied at the free end of the 
beam. DSMC using output samples for the multivariable system is designed on the 
similar lines as explained in Section 5.1.1 for the SISO systems. The designed output 
feedback controller is put in loop with the plant and the system responses (sensor 
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outputs yi and 1 / 2 ) and the generated control inputs (ui and 112 ) from the controller 
are observed for the multivariable plant and shown in Figs. 5.9 and 5.10 respectively. 
The evolution of the sliding function (Si and S 2 ) is also observed. 

Simulation study has been carried out for a set of parameters of the controller 
by assuming the values of q, r, N, S, e. Assuming a set of initial conditions, for 
the states, the switching surface is obtained using Eq. (5.14) and the sliding mode 
control using the output samples is computed using Eq. (5.15). The plot of Fig. 5.10 
shows the control input which settles to zero because there is no reference. The plot 
of the response of the states also converges to zero from the given initial condition. 
Also, the switching function decreases towards zero from the initial value and stays 
within a small band in the neighborhood of the switching line which is nothing but 
the width of the quasi sliding mode band S. 

MIMO control is better than the SISO control because of the following inferences 
made from the simulation results. 

• Multiple interactions of the input and output. 

• Sensor output at FE 2 is more as the strain rate is high than the sensor output 
at FE 4 where the sensor output is low because of lesser strain rate. 

• Control effort required at FE 2 is less than the control effort required at FE 4. 

• Overall control effort required by the MIMO controller is less than the SISO 
controller [97]. 

• Placing the piezos at 2 different finite element positions on the beam introduces 
a considerable change in the system structural characteristics than placing it at 
only 1 location. 

• DSMC can be directly obtained in terms of the output samples and immediate 
past control function. 

• The algo does not need the system states neither for feedback purposes nor for 
switching function evaluation. 



5.1.3 Controller Design for Timoshenko Smart Beams with 
Surface Mounted PZT’s as SISO Systems 

The control technique discussed in Section 5.1 is used to design a DSM controller 
using output samples to suppress the first 2 vibration modes of a cantilever beam 
through smart structure concept for the various SISO state space models of the 
smart beam given in Section 2.2.1:3(i) for the piezo patches placed at different FE 
locations along the length of the beam as shown in the Fig. 2.7. The performance 
of these 4 SISO models is evaluated for AVC by carrying out the simulations and 
observing the various responses. Conclusions are drawn finally on the simulation 
results for best location of the placement of sensor-actuator pair on the beam. Here, 
the comparison and discussion of the simulation results of the vibration control for 
the smallest magnitude of the control effort u required to control the vibrations of 
the smart cantilever beam is presented. For convenience, only the responses at the 
fixed end are shown in Figs. 5.11 and 5.12. Similarly, the responses are observed for 
other models also. Model 1 is found to be the best model that can be used for AVC 
because of the inferences / observations presented in (a) - (i) in Section 5.1.1. 
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Plot of states of SISO Timoshenko model 1 (surface mounted PZT at FE 1) 




Fig. 5.11. Plot of the four states for the Timoshenko SISO model 1 with surface 
mounted PZT 



Control signal for siso model 1 




Sensor o/p of model 1 , Piezo at FE 1 




(a) Control effort 



(b) Sensor output 



Fig. 5.12. Plot of control, sensor o/p for Timoshenko beam modelled as SISO 
system (model 1) 



5.1.4 Controller Design for Timoshenko Smart Beams with 
Surface Mounted PZT’s as MIMO System 

The control technique discussed in Section 5.1 is used to design a DSM controller 
using output samples in order to suppress the first 2 vibration modes of a smart 
cantilever beam modelled as a MIMO system in Section 2.2.2 (Fig. 2.5) through 
smart structure concept. The MIMO state space model of the smart beam is given 
in Eq. (2.179). The performance of this MIMO model is evaluated for the AVC 
by carrying out the simulations and observing the various responses and finally 
concluding with the discussions on the simulation results. 
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Sensor outputs of MIMO model, Piezos at FE 2 and 4 




Fig. 5.13. Plot of sensor outputs for Timoshenko beam modelled as MIMO system 
with surface mounted PZT 



Control i/p to actuators at FE 2 and 4 




Time t (secs) 



Fig. 5.14. Plot of control inputs for Timoshenko beam modelled as MIMO system 
with surface mounted PZT 



The controller is designed on the similar lines as explained in the previously 
discussed control designs for MIMO based system. With the designed controller put 
in loop with the plant, the responses such as the sensor output, control input and 
the switching function are observed and shown in Figs. 5.13 - 5.15 respectively. 
From the simulation results, it is observed that the multivariable control is better 
than the SISO control because of the observations mentioned in Section 5.1.2 at the 
end which can also be seen in many of the topics on AVC of MIMO based smart 
structures in Chapters 3 and 4. 
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Evolution of switching functions 





k 



Fig. 5.15. Plot of switching functions for Timoshenko beam modelled as MIMO 
system with surface mounted PZT 



5.1.5 Controller Design for Timoshenko Smart Beams with 
Embedded PZT’s for a SISO Case 

The control technique discussed in Section 5.1 is used to design a controller to 
suppress the first 2 vibration modes of a cantilever beam through smart structure 
concept for the various SISO state space models of the smart beam given in Section 
2. 2. 3:3. Four SISO models are obtained by embedding the shear actuator in between 
two top and bottom aluminum beam layers at FE position 1 and moving the shear 
sensor position from FE 2 to FE 5 as shown in Fig. 2.12. The 4 SISO state space 
models of the smart embedded beam is given by Eqs. (2.242) and (2.243) with its 
numerical value in Eq. (2.245) for the model 1. Three vibratory modes are considered. 
The performance of these 4 SISO models is evaluated for AVC by carrying out 
the simulations, observing the various responses and finally concluding with the 
discussions on the simulation results for the best location of the placement of the 
sensor / actuator pair on the beam. 

The controller is designed on the similar lines as explained in the previously 
discussed control designs for SISO based systems for all the 4 SISO models. Here, 
the comparison and discussion of the simulation results of the vibration control for 
the smallest magnitude of the control effort u required to control the vibrations 
of the smart cantilever beam and the best model for AVC is presented. The same 
inferences / observations presented in (a) - (h) in Section 5.1.1 are also valid here for 
the AVC of SISO based smart Timoshenko beams with embedded PZT’s. Here, for 
the sake of convenience, only the responses of the model 1 such as the sensor output, 
control input and the switching function are shown in Figs. 5.16 and 5.17 as the best 
model for AVC in the 4 SISO models is the model 1. Similarly, the responses are 
observed for the other 3 models also. 






208 



5 Discrete Time Sliding Mode Control for Smart Structures 




Fig. 5.16. Plot of sensor o/p for Timoshenko beam modelled as SISO system with 
embedded piezos (model 1) 




Fig. 5.17. Plot of control i/p for Timoshenko beam modelled as SISO system with 
embedded piezos (model 1) 



5.1.6 Controller Design for Timoshenko Smart Beam with 
Embedded PZT’s for a MIMO Case 

The control technique discussed in Section 5.1 is used to design a controller to 
suppress the first 2 vibratory modes of a cantilever beam embedded with shear 
sensors and actuators and modelled as a multivariable system as given in Section 
2. 2. 3:4. The MIMO model of the smart beam is obtained by embedding the shear 
actuators in between top and bottom aluminum layers at FE positions 2, 4 and 
sensors at FE positions 6, 8, thereby giving rise to a multivariable system with 2 
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inputs and 2 outputs (Fig. 2.13). The MIMO state space model of the smart beam 
is given by Eqs. (2.247) and (2.248) with its numerical value in Eq. (2.250). Three 
vibratory modes are considered. The performance of this MIMO model is evaluated 
for AVC by carrying out the simulations and observing the various responses and 
finally concluding with the discussions on the simulation results. The controller 
is designed on the similar lines as explained in the previously discussed control 
designs for MIMO based systems. The responses such as the sensor output, control 
input and the switching function are observed. From the simulation results, it was 
observed that the multivariable control is better than the SISO control because of 
the observations mentioned in Section 5.1.2 at the end. 



5.2 Discrete Time Sliding Mode Control Without 
Switching Function 

Bartoszewicz [71] proposed a quasi-sliding mode control strategy that does not use 
switching function in control and has the property of finite time convergence to the 
quasi-sliding mode band. In addition, it also eliminates chattering due to not using 
signum function in the control input. In this Section, a discrete output feedback 
sliding mode control algorithm in [56] based on Bartoszewicz’s control law [71] and 
multirate output feedback [57] is used for the control of vibrations of smart smart 
structures. 

Here, the disturbance is the external force signal r(f), i.e., an impulse distur- 
bance which is applied to the beam at its free end as shown in Figs. 2.4, 2.5, 2.7, 
2.12 and 2.13. The beam is thus subjected to vibrations under the application of 
the disturbance, which is bounded in nature. DSM controllers based on MROF tech- 
niques are designed and put in the loop with the plant to damp out the vibrations as 
quickly as possible and thus saving the structure from getting damaged from wear 
and tear further. The method used is briefly discussed in the following paragraphs. 

Consider a CT SISO system that is sampled with a sampling interval of r secs 
and given by 

£c(fe + 1) =$ T x(k) + A$ T x(k)+r T u{k)+f(k), y(k) = C x(k), (5.16) 

where A<f? T is the uncertainty in the state, /(fc) is an external disturbance vector of 
(nx 1) and $t, T t and C are matrices of appropriate dimensions with ($,-, T t ) being 
controllable and ($,-,(7) being observable. Let us define the disturbance vector as 

d(k) = A $ T x(k) + f(k). (5.17) 

Let the desired sliding manifold be governed by the parameter vector c T such 
that c T V r ^ 0 and the resulting quasi-sliding motion is stable and let the disturbance 
be bounded such that 

d(k) = c T d(k) (5.18) 

satisfies the inequality 

di < d(k) < d u , (5.19) 

where di and d u are the known lower and upper bounds on the disturbance respec- 
tively. Now, we define the following terms. 
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do = 0.5(d; + d u ), 8 d =0.5(d u -di). (5.20) 

The switching surface is given by 

s(k) = c T x(k). (5.21) 

The quasi-sliding mode is defined as the motion such that \s(k)\ < e, where 
the positive constant e is called the quasi-sliding-mode bandwidth. A significant 
reduction of the control effort and improved quality of the QSMC is observed. A 
reaching law proposed by Bartoszewicz [71] is of the form 

s(k + 1) = d(fc) — d 0 + Sd(k + 1), (5.22) 

where, d(k) is defined by Eq. (5.19) and s d (k) is a apriori known function that 
satisfies the following two conditions given when 

|s(0)| > 2 5 d and |s(0)| < 28 d (5.23) 



Condition 1 : If |s(0)| > 28 d , then 

Sd(0) = s(0), 

s d (k ) «d(0) > 0, for any k > 0, 
s d .(k) = 0, for any k > k* , 

\s d {k + 1)| < \s d (k)\ - 2 8 d , for any 



k < k* 



Condition 2 : If |s(0)| < 2 S d , then 

s d (k) = 0), for any k > 0. 

The value of the positive integer k* is chosen by the designer so as to have a 
trade off between faster convergence and the magnitude of the control input u. By 
controlling the rate of decay (tuning k*), the convergence of s(k) = 0 is tuned. The 
reaching law in Eq. (5.22) together with the two conditions of the function s d (k) 
imply that the reaching law condition is satisfied and that, for any k > k* , the QSM 
in the 8 d vicinity of the sliding plane s(k) = c T x(k) = 0 exists. One possible function 
for s d (k), when |s(0)| > 2 S d , can be described as 



s d {k) = — r—— s (0), k = 0,1,2, ,&*, 



(5.24) 



where 



k* < 



K0)l 

28 d 



(5.25) 



The control law that satisfies the reaching law defined in Eq. (5.22) and achieves 
sliding mode for the system with disturbance described in Eq. (5.19) can be com- 
puted to be 

u(k) = (c T r T ) 1 (c T & T x(k) + do — s d (k + 1)). (5.26) 

When the control input described in Eq. (5.26) is fed into the system, it would 
guarantee that for any k > k * , the switching function would satisfy the inequality 



|s(fc)| = | d(k — 1) — do | < 8 d . 



(5.27) 



Hence, the states of the system settle within a quasi-sliding mode band whose 
width is less than half the width of the band described in [69]. From [56], a multirate 




5.2 Discrete Time Sliding Mode Control Without Switching Function 211 



output feedback based algorithm using a modified reaching law can be obtained. Let 
the modified reaching law be [56] given as 



s(k + 1) = d(k) — do + e(k — 1) — eo + Sd(k + 1), (5.28) 



where a new variable e(k) is introduced. The control input generated using the 
algorithm in [56] can be represented as 



u{k) = — (c T T t ) 1 (c T ® T L y y k + c T & T L u u(k — 1) + d 0 + eo — s d (k + 1)), (5.29) 

where, 



L y = L n =r T -C 0 - 1 D 0 , L d = I-Co 1 C d , 

0 

/'N - 1 _1 

C ( £ & 



(5.30) 



C 0 = 


■ c - 

C'$ 

C'<3> 2 


, Do = 


0 

CT 

c(<i>r + r) 








N-2 

c Y. 

i=0 



i= 0 



N - 1 



c £ <J> ! £ $ 



c £ £ $ 



c d = 



(5.31) 

and eo = 0.5(e; + e u ) and S e = 0.5(e u — ei) are the mean (average value) and the 
variation (maximum deviation) of the function of the uncertainty, e; and e„ are 
the lower and upper bounds of e(fc). The new variable e(fc), which is the effect of 
disturbance on the sampled output is defined as 



e(fc) = c T $ T Lddk, (5.32) 

where the bounds on e(fc) is given by e; < e(k) < e u , since the disturbance d(k) is 
bounded. The value of N is chosen to be > the observability index v of the system 
defined as “the observability index of a system represented by the triplet (^4, B, C ) 
is the minimum integer value of v such that” 





( C \ 




( C \ 




CA 1 




CA 


Rank 




= Rank 






^ CA v ~ 1 ) 




\ CA V / 



Hence, the control input can be computed using the past output samples and 
the immediate past input signal. But, at k = 0, there are no past outputs for use 
in control, hence u(0) is obtained by ignoring e(k — 1) and eo (as we expect no 
disturbance before the instant k = 0 to affect the system) and assuming an initial 
state *(0) to obtain 

u(0) = -(c t F t ) _1 (c t $ t; eo + do - s d (l)) . (5.34) 

When the control input deduced from Eq. (5.29) is applied to the system, it 
obeys the reaching law 



s(k T 1) — d(fc) — do + c(k — 1) — eo + s d (k + 1), 



(5.35) 
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s(k ) = d(k — 1) — do + e(fc — 2) — eo + s d (k). 


(5.36) 


When k > (k* , 2) , s d (k) = 0 and therefore 




s(k) = d(k — 1) — do + e(fc — 2) — eo- 


(5.37) 


Thus, we have 




s(fc) = \d(k — 1) — d 0 + e{k — 2) — eo , 


(5.38) 


i.e., 

\a(k)\ < \d(k - 1) - d 0 + \e(k - 2) - e 0 |, 


(5.39) 


which can be written as 

\s(k)\ < 5 d + 5 e . 


(5.40) 



It can be seen that this algorithm does not need the measurement of the states 
of the system for the generation of the control input. But, as a trade off, the width 
of the quasi-sliding mode band is increased by 8 e . The control technique discussed in 
the previous paragraphs is used to design a MROF based DSMC control scheme to 
suppress the vibrations in a smart structure, which is modelled using Euler-Bernoulli 
beam theory and Timoshenko beam theory for 2 and 3 vibratory modes. 

5.2.1 Controller Design for Euler-Bernoulli Smart Beams as 
SISO Systems 

The control technique discussed in the previous Section 5.2 is used to design a con- 
troller to suppress the first 2 vibration modes of a flexible cantilever beam through 
smart structure concept for different SISO state space models of the smart beam 
given in section 2. 1.1:6 I(ii) . The cantilever beam is divided into 4 FE. PZT’s are 
bonded to the beam as surface mounted piezos at one FE position only as a collo- 
cated pair, say, at fixed end (FE location 1) or at FE position 2 or at FE position 
3 or at FE position 4 (free end), thus giving rise to 4 SISO models of the same 
smart structure plant as shown in Fig. 2.4. The performance of these 4 SISO mod- 
els is evaluated for AVC by carrying out the simulations and observing the various 
responses [94]. 

The 4 SISO state space models are given by Eqs. (2.76) - (2.79). The beam is 
excited by an impulse signal applied at the free end of it as shown in Fig. 2.4. The 
beam is thus subjected to vibrations and the open loop impulse response (plot of 
sensor outputs y as a function of t ) of the various SISO models are observed without 
the controller. The designed DSMC controller is put in loop with the plant and the 
closed loop system responses, the control input and the sliding function are observed 
for all the 4 SISO models of the same smart structure plant. Here, for the sake of 
convenience, only the responses for the SISO model with piezo patches placed at 
the fixed end of the beam are shown in the Figs. 5.18 and 5.19. 

Here, the comparison and discussion of the simulation results of the vibration 
control for the smallest magnitude of the control effort u required to control the 
vibrations of the smart cantilever beam is presented. The best model for AVC is 
also arrived at, which is nothing but the SISO model 1 because of the inferences 
mentioned in (a)-(h) in Section 5.1.1. Hence, it may be concluded that an effective 
vibration control technique is demonstrated here [94]. 
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Fig. 5.18. Plot of sensor output y\ without control (OL response) and with control 
input (CL response) due to impulse excitation : Model 1 (PZT placed at fixed end) 




Fig. 5.19. Plot of control input u\ v/s t (for impulse i/p excitation : Model 1) 
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5.2.2 Controller Design for Euler Bernoulli Smart Beam as a 
MIMO System 

Here, the control technique discussed in Section 5.2 is used to design a controller [96] 
to suppress the first 2 vibration modes of a smart cantilever beam modelled as MIMO 
system given in Section 2.1.2 through the smart structure concept (Fig. 2.5). The 
cantilever beam is divided into 4 finite elements. Collocated PZT pairs are bonded 
to the master structure at even FE positions, thus giving rise to a MIMO system of 
the smart structure. The MIMO state space model of the smart structure is given 
in Eq. (2.93) and (2.101) with its numerical value is (2.105). The performance of 
the beam as a multivariable system is hereby evaluated for AVC by carrying out the 
simulations and observing the various responses. 

The smart beam is excited as in the earlier cases. The beam is thus subjected 
to vibrations and the OL impulse response is observed without the controller. The 
designed DSMC controller is put in loop with the plant and the system responses 
(sensor outputs y\ and 1 / 2 ), the control inputs (ui and 112 ) and the evolution of the 
sliding function (5i and S 2 ) are observed for the multivariable plant and is shown 
in Fig. 5.20. 







Fig. 5.20. Plots of sensor outputs yi and 1 / 2 , control inputs Mi and 112 and sliding 
functions S 1 and S 2 of the EB MIMO system with 2 inputs and 2 outputs 
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As in the case of control of MIMO model of the smart beam discussed in the 
Chapters 3 and 4, similar observations are arrived at as mentioned in Section 5.1.2. 
It is observed that modeling a smart structure by including the sensor / actuator 
mass and stiffness and by placing the sensor / actuator at 2 different FE positions 
along the beam [96] introduces a considerable change in the structural vibration 
characteristics than placing the sensor / actuator pair at only one location as in [94] . 

It can be argued that multivariable control of a smart structure is better com- 
pared to the single input single output control as there will be multiple interactions 
of the input and the output. From the simulation results, we infer that the system 
responds well in CL and does not exhibit undesirable chattering phenomenon. Nei- 
ther does the system vibrate much. The values of 5d and 5 e are determined to be 
Sd = 10 _4 [ 0.176 0.066 ] T and 5 e = 10~ 3 [0.007 0.743] T . 

5.2.3 Controller Design for Smart Timoshenko Beam with Surface 
Mounted PZT’s as SISO System 

The control technique discussed in Section 5.2 is used to design a MROF based 
DSM controller to suppress the first 2 vibration modes of a smart cantilever beam 
modelled as SISO system given in section 2.2.1:3(i) with the piezo patches placed at 
different FE locations along the length of the beam from the free end to the fixed 
end [112]. 

PZT’s are bonded to the beam at one FE position only as a collocated pair, 
say, at fixed end (FE location 1) or at FE position 2 or at FE position 3 or at 
FE position 4 (free end), thus giving rise to 4 SISO models (1 actuator input u 
and 1 sensor output y ) of the same smart structure plant as shown in the Fig. 
2.7. The performance of these 4 SISO models is evaluated for AVC by carrying 
out the simulations and observing the various responses. The best model for the 
demonstrating the AVC concept for smart beams is presented. 

The 4 SISO state space models of the smart beam is given by the Eqs. (2.168) - 
(2.171). The smart beam is excited as in the earlier cases. The beam is thus subjected 
to vibrations and the OL impulse response (plot of sensor outputs y as a function 
of t ) are observed without the controller. The designed DSMC controller is put in 
loop with the plant and the system responses, the control input and the sliding 
surface are observed for all the 4 SISO models of the same smart structure plant. 
The responses of the 4 SISO models are shown in Figs. 5.21 and 5.22. 

As in the case of control of SISO models of the smart beams discussed in the 
Chapter 3 and 4, similar observations are arrived at. Here, the comparison and 
discussion of the simulation results of vibration control for the smallest magnitude 
of the control effort u required to control the vibrations of the smart cantilever beam 
is presented [112] along with the best model for AVC, which is the model 1. The 
same inferences / observations presented in (a) - (h) in Section 5.1.1 are also valid 
here for the AVC of SISO based smart Timoshenko beams with surface mounted 
PZT’s. 

5.2.4 Controller Design for Smart Timoshenko Beam with Surface 
Mounted PZT’s for a MIMO Case 

The control technique discussed in Section 5.2 is used to design a controller to 
suppress the first 2 vibration modes of a smart cantilever beam modelled as MIMO 




Sliding Function s 1 Control Input u 1 (V) Sensor o/p y 1 (V) 
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(a) Sensor output yi (b) Sensor output 1/2 




(c) Control input ui 




(d) Control input 112 





(e) Sliding function Si (f) Sliding function S 2 



Fig. 5.21. Responses of Model 1 (piezo at FE 1) and model 2 (piezo at FE 2) for 
the smart Timoshenko beam modelled as SISO systems with surface mounted piezos 










Sliding Function s 3 Control Input u g (V) Sensor o/p y 3 (V) 
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Time (seconds) Time (seconds) 



(a) Sensor output 2/3 



(b) Sensor output 1/4 




Time (seconds) Time (seconds) 



(c) Control input U 3 



(d) Control input U 4 




Time (seconds) Time (seconds) 

(e) Sliding function S 3 (f) Sliding function £4 



Fig. 5.22. Responses of Model 3 (piezo at FE 3) and model 4 (piezo at FE 4) for 
the smart Timoshenko beam modelled as SISO systems with surface mounted piezos 
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system as given in Section 2.2.2 for the Fig. 2.5 through the smart structure concept. 
Collocated PZT pairs are bonded to the master structure at even FE positions, thus 
giving rise to a MIMO model of the smart structure which is given in Eqs. (2.93) 
and (2.101) with its numerical value in Eq. (2.180) for 3 modes. The performance 
of this beam modelled as a multivariable system is hereby evaluated for AVC by 
carrying out the simulations and observing the various responses. 

The smart beam is excited as in the earlier cases and the OL impulse response 
is observed without the controller. The designed DSMC controller is put in loop 
with the plant and the system responses (sensor outputs yi and j/ 2 ) and the control 
inputs (ui and U 2 ) are observed and shown in Fig. 5.23. The evolution of the sliding 
function (Si and S 2 ) is also shown in Fig. 5.24. 

As in the case of MIMO EB models, similar observations has been made for 
the MIMO Timoshenko models. It is observed that modeling a smart structure 





Fig. 5.23. Plot of controls, sensor o/p’s for the Timoshenko beam with surface 
mounted PZT’s as a MIMO system 





(b) Sliding function S 2 



Fig. 5.24. Plot of sliding functions s(k) for the Timoshenko beam with surface 
mounted PZT’s as a MIMO system 








5.2 Discrete Time Sliding Mode Control Without Switching Function 219 

by including the sensor / actuator mass and stiffness and by placing the sensor 
/ actuator at 2 different FE positions along the beam introduces a considerable 
change in the structural vibration characteristics than placing the sensor / actuator 
pair at only one location as in [94]. The values of 5d and 5 e are determined to be 
Sd = 10~ 8 [ 0.2719 0.2690 ] T and 5 e = 10 _7 [ 0.8940 0.0817] r . 



5.2.5 Controller Design for Smart Timoshenko Beams with 
Embedded PZT’s as SISO Systems 

The control technique discussed in Section 5.2 is used to design a controller to 
suppress the first 2 vibration modes of a smart cantilever beam modelled as MIMO 
system as given in Section 2. 2. 3:3 through smart structure concept. Four SISO mod- 
els are obtained by embedding the shear actuator in between the top and bottom 
aluminum beam layers at FE position 1 and moving the shear sensor position from 
FE 2 to FE 5 as shown in Fig. 2.12. The 4 SISO state space models of the smart 
embedded beam is given by Eqs. (2.242) and (2.243) with its numerical value in Eq. 
(2.245). Three vibratory modes are considered. The performance of these 4 SISO 
models is evaluated for AVC by carrying out the simulations and observing the var- 
ious responses and finally concluding with the discussions on the simulation results 
for best location of the placement of the sensor / actuator pair on the beam. 

The controller is designed on the similar lines as explained in the previously 
discussed control designs for SISO models. Here, the comparison and discussion of 
the simulation results of the vibration control for the smallest magnitude of the 
control effort it required to control the vibrations of the smart cantilever beam and 
the best model for AVC is presented. The same inferences / observations presented 
in (a)-(h) in Section 5.1.1 are also valid here for the SISO models of the smart 
Timoshenko beams with embedded PZT’s. Here, for the sake of convenience, only the 
responses of the model 1 such as the sensor output, control input and the switching 
function are shown here in Figs. 5.25 and 5.26 respectively. Similarly, the results are 
observed for the other SISO models also. 



Control effort for Model 1 , actuator at FE 1 , sensor at FE 2 




Sensor o/p for Model 1 , actuator at FE 1 , sensor at FE 2 




(a) 



(b) 



Fig. 5.25. Plot of sensor o/p and control effort for the embedded Timoshenko beam 
as a SISO system with surface mounted PZT (model 1) 
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Fig. 5.26. Switching f/n s(k) for Model 1, actuator at FE 1, sensor at FE 2 



5.2.6 Controller Design for the Smart Beam as a Multivariable 
System with Embedded PZT’s 

The control technique discussed in Section 5.2 is used to design a MROF based DSM 
controller to suppress the first 2 vibration modes of a cantilever beam through smart 
structure concept for the multivariable space model of the smart embedded beam 
given in section 2. 2. 3:4. The MIMO model is obtained by sandwiching the actuators 
in between the aluminum layers at FE positions 2, 4 and sensors at FE positions 6, 
8, thereby giving rise to a multivariable system as shown in Fig. 2.13. The MIMO 
state space model of the smart beam is given by Eqs. (2.247) and (2.248) with its 
numerical values given in (2.250) for three vibratory modes. The performance of this 
MIMO model is evaluated for AVC by carrying out the simulations and observing 
the various responses. 

The DSM controller is designed on the similar lines as explained in the previ- 
ously discussed control designs for MIMO systems. The responses such as the sensor 
output, control input and the switching function are shown here in the Figs. 5.27 
- 5.29. The values of 5d and S e are determined to be 5d = 10~ 8 [0.37 0.45] and 
5 e = 10 -7 [0.5670 0.0523 ] T . From the simulation results it is observed that the 

multivariable control is better than the SISO control as there is multiple interactions 
of the input and output. Also, a multi input test provides better energy distribution 
and even better actuation forces and the control effort required is less compared to 
the SISO embedded case. Many of the inferences drawn in the conclusion part of 
the MIMO based smart systems are also valid here. 





5.2 Discrete Time Sliding Mode Control Without Switching Function 221 





(a) (b) 



Fig. 5.27. Plot of control efforts for the embedded Timoshenko beam (MIMO case) 




(a) (b) 



Fig. 5.28. Plot of sensor outputs for the embedded Timoshenko beam (MIMO case) 





(a) (b) 



Fig. 5.29. Plot of switching functions for the embedded Timoshenko beam (MIMO 
case) 










222 5 Discrete Time Sliding Mode Control for Smart Structures 

5.3 Conclusions 



Discrete sliding mode controllers are designed successfully to control the first few 
vibratory modes of a smart cantilever beam modelled using 2 type of beam theories, 
viz., Euler-Bernoulli beam theory and Timoshenko beam theory. New AVC schemes 
to control the flexural vibrations of SISO and MIMO smart models were presented. 
Different sensor / actuator locations bonded to the master structure (cantilever 
beam) either as surface mounted piezos or as embededd type piezos were considered, 
thus giving rise to many state space models of the smart structure beam. For the 
SISO case, it was observed that the control effort required to damp out the vibrations 
gets reduced when the piezo pair is moved from the free end towards the root of the 
structure. 

The role of sensor / actuator position in the controller design is analyzed. The 
optimum sensor / actuator location is identified as the position near the fixed end. 
Better performances of the plant are obtained when the piezo pair is at the root (fixed 
end) rather than at the free end. Multivariable control of a smart structure is inferred 
to be better compared to the SISO control as there will be multiple interactions of 
the input and the output which will cause the vibrations in the system to be damped 
out quickly than the latter. A multi-input multi-output test provides better energy 
distribution and even better actuation forces. Also, the control efforts require are 
lesser compared to the SISO cases. In general, POF and FOS control schemes which 
were discussed in Chapters 3 and 4 are not robust, whereas the MROF based DSMC 
technique can be robust with respect to a class of uncertainty. Thus, MROF based 
DSMC has more practical values in comparison to the other controllers. 

Two approaches of control strategies for smart structures were discussed. The 
first one is the the Discrete Quasi Sliding Mode Control (DQSMC) strategy using 
output samples and the second one, the Multirate Output Feedback (MROF) based 
Discrete Sliding Mode Control (DSMC) strategy based on bartoszewicz’s law. The 
former control strategy makes use of the switching function in the control and hence 
exhibits some chattering, whereas the latter control strategy does not use the switch- 
ing in the control and hence eliminates chattering. Here, the switching function and 
the control input is obtained directly in terms of immediate past control value and 
the past output samples. 

In both the cases of MROF techniques, the states of the system are needed 
neither for switching function evaluation nor for the feedback purpose. The two 
DSMC algorithms are computationally simple, guarantee better robustness, faster 
convergence and improved steady state accuracy of the system. The two techniques 
are more practical because of output being used rather than states (as in many cases 
all the system states are not available for measurement). Thus, these techniques are 
very useful from the implementation point of view. 
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Implementation of Control Techniques for 
Smart Structures 



In this Chapter, we present the experimental results of periodic output feedback and 
fast output sampling feedback controllers to control the structural vibrations of a 
flexible aluminum cantilever beam using collocated piezoelectric actuators and sen- 
sors for the fundamental mode. A digital control system consisting of MATLAB® , 
SIMULINK® modeling software, Real Time Workshop (RTW)® and dSPACE® 
1104 controller is used for the system identification and vibration control purposes. 
The simulation and experimental results obtained for the experimental beam show 
the effectiveness of the designed controller. 



6.1 Experimental Set-Up Details 

The experimental set-up consists of a long flexible aluminum beam in the cantilever 
configuration with a pair of piezoelectric transducers mounted closer to the fixed 
end of the beam (i.e., nearby the first finite element) as shown in Fig. 6.1. The 
beam (high grade aircraft aluminum) is fixed firmly at one end with the help of two 
metallic clamps as vice. The vice is selected to have large enough inertia so that the 
vibrations of the vice do not affect the system dynamics when the beam is in the 
vibration mode. 

Two piezoelectric patches are bonded to the master structure at a distance of 
10.2 mm from the root of the beam (i.e., starting 1.2 cm from the end of fitting) as 
surface mounted sensors and actuators, one above the beam and one below the beam 
as a collocated pair. The bottom PZT acts as the sensor, whereas the top PZT acts as 
the control actuator. The physical properties of the experimental flexible aluminum 
cantilever beam and that of the piezoelectric material used are given in Table 6.1. 
These parameters are obtained from the manufacturers specification sheets and from 
the materials data handbook. 

The piezoelectric patches are purchased from Sparkler Ceramics. Pvt. Ltd., 
Pune, India and are of SP-5H NAVY type. To excite the beam at its natural fre- 
quency, i.e., to apply an external disturbance f ex t to the beam, a third piezoelectric 
patch is used at the extreme end of the beam (i.e., at the fourth finite element posi- 
tion) as shown in Fig. 6.6. This patch is bonded onto the surface of the beam at the 
free end at a distance of 238.8 mm from the root hub. The piezoelectrics patches are 






Fig. 6.1. Photographic view of the experimental set-up 



Table 6.1. Properties of the experimental beam and the piezo patches 



Physical 


Aluminum 


Piezoelectric 


parameters 


cantilever beam 


sensor / actuator 


Length 


L b = 0.315 m 


l p = 0.0762 m 


Width 


b = 0.0127 m 


b = 0.0127 m 


Thickness 


tb = 1 mm 


t a = t s = 0.5mm 


Density 


Pb = 2700 Kg/m 3 


p p = 7500 Kg/m 3 


Young’s Modulus 


E b = 71 GPa 


E p = 47.62 GPa 


Damping Constants 


a = 0.0836, 




used in C* 


(3 = 0.0005287 




Piezoelectric 




d 3 1 = -247 x 10 ~ 12 m/V 



Strain Constant 
Piezoelectric 
Stress Constant 



<731 = —9 x 10 3 VmN 1 
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bonded to the master structure using an adhesive named as ‘M-bond araldite kit’. 
Electrodes are attached to the piezoelectric patches over its surface with fixed-on 
adherent silver of solderable quality lead by soldering. 

Thus, this makes the delicate piezoelectric patches much easier to work with and 
is also easier to integrate into the structure. The controller patches were bonded on 
one side of the beam, while the disturbance patches were bonded on the other side 
of the beam as it was shown in the previous Chapters that the best model for AVC 
would be when the piezos are placed at nearby the fixed end as is the best location 
for controlling the fundamental bending mode (dominant mode). A signal generator 
or an audio oscillator tuned to the first mode natural frequency is used to provide 
the sinusoidal disturbing signal to the disturbing actuator at the free end. 

The sinusoidal signal acts as the excitation input to the structure, which induces 
continuous vibrations in the beam. The connecting wires from the beam structure 
(comprising of the beam, sensor, control actuator and the disturbing actuator) to 
the signal generator are well shielded with a PVC covering in order to avoid the 
stray magnetic fields, noises, cross-talk and from radio interference. Now, the beam 
will be vibrating with the particular natural frequency. The output of the sensor y 
is given as input to the piezo sensing system which consists of a charge to voltage 
converting unit along with a signal conditioning amplifier and having a variable gain 
setting of 1, 2 and 5, i.e., the output of the piezo sensing unit will be multiplied by 
that amount. 

The output of the piezo sensing unit is given as input to the filtering unit which 
filters out all the noise contents. Knobs are provided on the filtering unit with 
lower cut off and upper cut off frequencies to allow only that particular range of 
frequencies. The conditioned piezosensor signal (amplified) is given as analog input 
to the dSPACE1104 hardware controller board through the connector box and the 
analog to digital (ADC) port of the dSPACE controller board. The control algorithm 
is implemented using simulink software and RTW is used to generate C code from 
the developed simulink model. 

The C code is then converted to target specific code by real time interface (RTI) 
and target language compiler (TLC) supported by dSPACE1104. This code is then 
deployed on to the rapid prototype hardware system to run the Hardware In-the- 
Loop Simulation (HILS), i.e., the developed control algorithms are downloaded on 
to the DS1104 PPC controller board using the RTI. The control signal u which is 
generated from the simulink model output is interfaced to the piezo actuation system 
through the configurable digital to analog (DAC) output port and the connector 
box of the dSPACE 1104 system by using multi-stranded shielded cable wires. The 
output of the piezo actuation system is given as the input control signal to the 
control actuator on the flexible aluminum beam. 

Knobs are provided on the piezo actuation system to increase or decrease the 
control voltage to the actuator. The actuator input to the control actuator is limited 
to ± 200 V which is the maximum voltage that can be applied to the piezoelec- 
tric materials. Note that all the connecting wires from the smart structure to the 
signal conditioning measurement devices and oscilloscopes are good shielded multi- 
stranded connecting wires. A dual channel Tektronix oscilloscope is also used to 
store and measure the input and output signals of the smart structure. The signal 
generator, vibration inducing amplifier, piezo sensing unit, filter bank unit, piezo 
actuation unit are housed in a single unit, manufactured from Spranktronics Ltd., 
Bangalore, India. 
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6.2 Introduction to the dSPACE 1104 Controller 
Hardware 

Feedback control of vibrations of the smart structure is implemented via a dSPACE 
DS1104 digital controller board based rapid prototyping system made by dSPACE 
Technologies, Padderborn, Germany. The control board sits inside a PC, which also 
houses both the dSPACE driver software and the analysis / simulation software tools 
that are required (in our case control desk software). Using the PCI slot, the con- 
troller card communicates to the outside world. This system is able to run complex 
control algorithms at high sampling rates. The dSPACE system builds a discrete re- 
alization of the synthesized controller directly from the simulink environment using 
Euler numerical integration method. 

The i/o chips (ADC, DAC, muxADC, muxDAC) are used as the communication 
ports for the i/o signals such as sensor output signal and the control signal. The 
control signal from the DAC port is used for controlling some of the state variables of 
the plant, say the sensor voltage or the tip displacement, position, etc.,. All the ADC 
and DAC chips are bipolar with a voltage range of ± 10 V. Care has to be taken 
to see that the maximum voltage to these chips should not be exceeded, else the 
card gets damaged. To safeguard the controller card from high voltages, a connector 
box is used which prevents voltages >10 V. A high voltage power amplifier (piezo 
actuation system) is used to amplify the signal sent to the actuator. A 1 GHz Intel 
Pentium 4 PC is used for the data acquisition, analysis, modeling and control of the 
plant. Thus, a SISO control system environment is set up in the laboratory for the 
experimental evaluation of the smart structure. 



6.3 System Identification of the Smart Structure 

In order to design a good controller for a process, a good process model is often 
required. A controller designed on the basis of a good process model often works 
better than the one designed without a model. Unfortunately, model development 
from first principles is a difficult and an expensive task requiring participation of 
experts in numerous fields of engineering. This is also a time consuming and tedious 
process. In this computerized age, a lot of plant data is generally available, and 
hence this plant data can be used to generate the model of the process. Thus, the 
system identification can be defined as the process of developing a mathematical 
model of a physical system using the obtained experimental data [130]. 




Model of the process 

Fig. 6.2. System identification - a schematic 
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Once appropriate input, output and the noise measurements are made, we pro- 
ceed to obtain the model. There are 2 steps in this process, viz., identification of an 
appropriate model structure and estimation of values of parameters that pertain to 
the above model structure. The information used in the system identification con- 
sists of the input and output data and an assumption about the error. The schematic 
of the system identification is shown in the Fig. 6.2. The process of identifying a 
physical system can be classified into 3 types, viz., 

(a) Modal parameter identification, 

(b) Structural model parameter identification and the 

(c) Control model identification. 

In (a), the dynamics of the structures is characterized by the modal parameters 
such as the natural frequencies, damping ratios and the mode shapes. In (b), using 
the identified modal parameters, additional processes can be performed to obtain 
structural model parameters such as the mass, damping and the stiffness matrices. In 
(c), the control model identification finds a parametric model to represent a system 
in order to design a controller. In the context of the monograph, the identification 
technique employed by us refers to the control-model identification. 





DS1104ADC_C1 ADC plant o/p 

reduction (sensor otp) 

gain 



Fig. 6.3. Simulink diagram for disturbance TF identification 



The approach of determining the transfer function using the mathematical mod- 
eling (from first principles) and using the finite element analysis is quite complex 
and a tedious process. The finite element models are sometimes not feasible for con- 
trol purposes because the order should be high for achieving the desired accuracy. 
However, the system identification technique based upon the experimentation offers 
a rather simplistic approach for getting the transfer function of the system. Further, 
the state space model of the beam can also be arrived at. Based upon the input 
applied to the system, the output signals from the system are analyzed in order to 
get a model which will be required for designing a controller. 
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The identification procedure of the plant considered in the experimentation is 
as follows. To identify the dynamics of the beam, the beam needs to be stimulated 
via the disturbing actuator. Exciting force F(t) = sin(u>it) = sin(2-R f\t) exerted at 
the corner point of the beam was chosen according to the first natural frequency 
of interest. Since the disturbance is a sine function, its s-plane poles are complex 
conjugate numbers Ai = ±j u)i and /i is the frequency of the first mode. In the 
work considered, first mode transfer function is identified by the input and output 
data from the smart structure using the well known prediction Output Error (OE) 
identification method from the ident tool box in MATLAB. 

The disturbance transfer function is obtained as follows. To excite the structure, 
the simulink model shown in the Fig. 6.3 is considered. Using the described experi- 
mental set up, the piezo disturbing actuator is excited by a sweep sinusoidal chirp 
signal of frequency varying from 0.01 Hz to 50 Hz in a sweep time of around 100 secs 
through the dSPACE, DAC port and the piezo actuation system. The input signal 
to stimulate the structure is selected as the signal which has wide-band character- 
istics containing the natural frequencies of the beam. Regarding the identification 
experiment, the sampling time is selected as small as possible in order not to lose 
the information. The disturbing actuator signal from the DAC is amplified by the 
power amplifier of the piezo actuation system and then given to it. Because of this 
disturbance, the beam starts vibrating and the sensor voltage is produced. 

The sensor voltage from the sensor is signal conditioned using the piezo sensing 
system, amplified and then taken into the dSPACE environment through the ADC 
port as shown in Fig. 6.3. A substantial amount of data is collected for around 100 
secs for model parametrization as shown in Fig. 6.4. The data collected is analyzed 
and is used for evaluation as well as for validation of the model. Fig. 6.4 shows the 
chirp excitation input and the sensor output captured from the dSPACE control 
desk for obtaining the disturbance transfer function (TF). The chirp input data and 
the sensor output data are taken from the dSPACE environment into the MATLAB 
environment and using the system identification tool box (ident.), a tenth order 
discrete transfer function model is obtained with a maximum fit of 95 %. 

This tenth order discrete transfer function as identified above is then converted 
to a 10 th order continuous time transfer function model using the d2c command in 
Matlab. The 10 th order state space model is obtained from the CT transfer function 
model. As the order of the identified state space model is very high, it is reduced 
to a lower order model using the balanced realization and modred techniques in 
Matlab so that the reduced order state space model has only the first mode natural 
frequency. Using this identified state space model, the E matrix is obtained, which is 
the disturbance matrix. This disturbance matrix E couples the external disturbance 
to the system. 

Similarly, on the above lines, the plant transfer function is obtained by giving a 
chirp signal as input to the control actuator and observing the sensor output on the 
dSPACE control desk. These input and output waveforms are shown in the Fig. 6.5. 
This input and output data is then taken to the MATLAB environment and using 
the ident. toolbox, a reduced order state space model is identified with a proper fit 
of 98.86 % (Fig. 6.5). Using this reduced order state space model, the A , B, C and 
D matrices are obtained. 

Thus, the identified state space model of the beam by conducting the experiment 
can be written in compact form as 




6.3 System Identification of the Smart Structure 



229 







Fig. 6.4. Captured chirp input and output sensor signal of the smart structure for 
the disturbance transfer function identification using the dSPACE control desk 



x(t) = Ax.(t) + Bu(i) + Er(t), 



y(t) = C T x(t) + Du(t). 



(6.1) 



with 



96.3093 102.0090 ' 

-101.4007 -96.9075 ’ 



-0.0708' 
0.0409 ’ 



C T 



1 0 ], 



D = 0, 



-0.0069 
0.0028 ’ 



(6.2) 



for the first mode. From the above 2 simple experiments, two transfer functions 
(disturbance TF and the plant TF) was established from which the unknown para- 
meters of the smart structure are estimated using the output error based identifica- 
tion method, which is proven to be more universal and feasible than analytical and 
numerical models for the same. 



Test for measurement of damping coefficient £, structural 
constants a and (3 : 



To experimentally obtain the damping coefficient of the modes at which the con- 
troller should target, a simple test was performed. The beam was excited manually 
by tapping at its free end by the hand and the data was recorded in the dSPACE 
control desk. This data is then taken into the MATLAB environment to plot the 
damped sinusoidal response. The peaks of the overshoots are observed. The damping 
coefficient f is calculated by considering the first n pulses (say, n = 20 cycles) using 
the formula 



e = 



1 , Ar 

in —— , 

2 7 t n A n 



(6.3) 



where A\ and A n are the amplitudes of the first peak and the n th peak of the 
response at t interval of time. The damping coefficient for the first mode was found 
to be 0.0096. 
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Measured and simulated model output 




Time 



Fig. 6.5. Identified, measured plant output data obtained from the ident. tool box 



To find the natural frequencies experimentally, a sinusoidal signal is given as 
input to the actuator and the sensor output is observed on the oscilloscope. The 
frequency of the sinusoidal signal from the signal generator is gradually increased 
from 1 Hz (say) till a particular value. By carefully observing the senor outputs on 
the oscilloscope, we can observe that the sensor voltage goes on increasing till the 
first mode and at the first mode frequency, the sensor output is maximum and if 
the frequency of the sinusoidal signal is increased further, the sensor output voltage 
decreases. The first frequency at which the sensor voltage is maximum is the first 
natural frequency. Like this, the second mode natural frequency is also found out. 
The frequencies found out by this method for the first 2 modes was 5.0595 Hz and 
31.25 Hz respectively. 

The structural constants a and (5 are determined from 2 given damping ratios 
that correspond to the two unequal natural frequencies of vibration using the relation 
a + (3u>i = 2 to have the values as 0.0836 and 0.0005287. These constants are 
used in the finite element analysis of the beam for generating the state space model 
from first principles. The first mode natural frequency computed from the simple 
test, from the first principles (analytical) and from the identified state space model 
are given in Table 6.2 and were approximately the same. 



6.4 Controller Design and Implementation 

The design of the POF and FOS controllers using the first principles model (FE 
model) was carried out and also verified using the experimentally identified state 
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Fig. 6.6. Schematic diagram of the experimental set up of the vibration control 
system 



Table 6.2. Comparison of the experimental and analytical results of the mode 
frequencies 



Mode 


h (Hz.) 


Experimental 


Analytical 


State space method (identification) 


1 


4.95 


5.1 


5.0595 
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space model. In both the cases, the first mode natural frequency obtained was the 
same. 

6.4.1 Controller Design Using Simulations 

In this Section, POF and FOS simulation results from the experimentally identified 
state space model are presented. POF and FOS controllers are designed in order 
to reduce the amplitude of vibrations in the smart structure during the resonance 
conditions with the identified model. With the controller put in the feedback loop 
with the plant, we must ensure that it will further shift the closed loop poles of the 
system to the left in the complex plane. This will guarantee that the CL system is 
highly damped and therefore less sensitive to external disturbances no matter where 
they act on the system. In this Section, we develop the control strategy for the SISO 
representation of the experimentally identified smart structure model given in the 
Eq. (6.2) using the POF control law given in Section 3.1 and using the FOS feedback 
control law discussed in the Section 4.1 with 1 actuator input and 1 sensor output. 



MATLAB Simulation results of FOS feedback without and with controller 
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Fig. 6.7. FOS simulation results of the experimental beam 



First, the sampling interval r is taken as 0.04 secs and the number of sub- 
intervals N was taken as 4. A sinusoidal disturbance at first mode natural frequency 
of 5.0595 Hz is applied at the free end of the beam to the disturbing actuator using 
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MATLAB Simulation results of POF without and with controller 




Fig. 6.8. POF simulation results of the experimental beam 



a signal generator, thus subjecting it to continuous vibrations. The OL responses 
of the discrete system are observed. The discrete models are obtained by sampling 
the system in (6.2) at a rate of - and ^ respectively giving rise to (4? T , T t , C)-tau 
system and (<f>, T, C)-delta system as 
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(6.4) 


C T = [ 1 0 ] . 


(6.5) 



The controllability index of the discrete systems is 2. 

For FOS control, the stabilizing SFB gains are obtained for the tau system such 
that the eigenvalues of ('hr + T t F) lie inside the unit circle and the response of the 
system has a good settling time. The SFB gain for the model is obtained as 



F = [ — 39.5016 - 51.7903]. 



( 6 . 6 ) 



The OL sinusoidal responses of the system with the SFB gain F is observed and 
shown in Figs. 6.7 (dotted line). 

For POF control, the stabilizing output injection gain is obtained for the tau 
system such that the eigenvalues of (& N + GC) are placed inside the unit circle at 
appropriate locations and the response of the system has a good settling time. The 
output injection gain obtained is as 
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-0.0596 

-0.8285 



(6.7) 



The OL sinusoidal responses of the beam with the output injection gain G is observed 
and shown in Fig. 6.8 (dotted line). 

For FOS control, the FOS feedback gain matrix L for the smart system is ob- 
tained by solving LC « F using the LMI optimization method given by the Eqs. 
(4.17) and (4.20), i.e., F is realized by the FOS feedback gain by solving the linear 
equation LC ss F subject to the LMI constraints pi, p 2 and P3. The FOS feedback 
gain matrix for the SISO model of the smart beam is given by 



L = [ — 8.5560 - 6.5908 3.7283 0.2600]. (6.8) 

With the designed FOS controller put in the loop, the CL sinusoidal response of the 
smart system is observed and shown in Fig. 6.7 (thick line). Also, the variation of 
the control signal with time for is observed and graphically displayed in the Fig. 6.7. 

For POF control, the POF gain matrix K for the smart system is obtained by 
solving TK ~ G using the LMI optimization method. The POF gain matrix for the 
SISO model of the smart beam is given by 

K T = [ 38.3225 18.7228 - 4.1842 - 4.2749]. (6.9) 

With the designed POF controller put in the loop, the CL sinusoidal response (sensor 
output) of the system is observed and shown in Fig. 6.8 (thick line). Also, the 
variation of the control signal with time is observed and graphically displayed in the 
same figure. 



6.4.2 Experimental Evaluation of the Simulated Results 

The experimental set-up to demonstrate the suppression of AVC of smart struc- 
tures is shown in the Fig. 6.6. The FOS and POF control algorithm is realized using 
simulink and implemented in real time on dSPACE 1104 system using RTW and 
dSPACE real time interface tools, i.e., the algorithm is downloaded from simulink 
onto the dSPACE 1104 DSP board . The simulink diagram for controller implemen- 
tations is shown in the Figs. 6.9 and 6.10 for POF and FOS respectively. 

In the simulink diagram shown, an analog plant input voltage to the A/D channel 
of the dSPACE board is scaled by a factor of ^ . Moreover, before a signal is sent to 
the D/A channel of the dSPACE board, it is multiplied by a factor of 10. Therefore, 
the gain of 10 (ADC reduction gain) and 0.1 (DAC amplification gain) corresponds 
to working with the actual voltages in the controller in between the A/D and D/A 
chips. The FOS or POF controller gains designed in the previous Section is used for 
the experimental evaluation here. 

To make the beam vibrate, a sinusoidal disturbance at first mode natural fre- 
quency of the beam (10 V peak-peak) is applied to it. The sensor output obtained 
which is very low is given as input to the piezo sensing unit and after proper signal 
conditioning is given as input to the FOS or POF controller through the ADC port 
of the dSPACE and MATLAB / SIMULINK via the connector box. Now, the con- 
ditioned sensor output signal is sampled at a rate of ^ = 0.01 secs for FOS (or i = 
0.04 secs for POF) and the applied to the multirate stacker (which consists of the 
FOS or POF controller gains) as shown in the FOS simulink diagram in Fig. 6.10 
(or POF simulink diagram in Fig. 6.9) from which the control signal is generated. 
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PERIODIC OUTPUT FEEDBACK CONTROLLER IMPLEMENTATION 
SIMULINK DIAGRAM 

Fig. 6.9. POF controller SIMULINK implementation diagram in real time 



The control signal is then updated, sampled at a interval of r = 0.04 secs for FOS 
(or = 0.01 secs for POF) and then applied to the control actuator through the 
DAC port of dSPACE system via the connector box and the piezo-actuation system. 
When the sensor signal is fed to the dSPACE control desk through the ADC port 
and the model is built using RTW, the real time workshop generates the C code 
from the developed simulink model. This C code is then converted to target specific 
code by RTI and TLC supported by dSPACE1104. This code is then deployed on 
to the rapid prototype hardware system to run HILS by generating the required 
control signal for the plant. 

This control signal interacts with the vibrations created by the sinusoidal distur- 
bance and using destructive interference brings down the overall amplitude of the 
beam vibrations, thus safeguarding the structure from wear and tear and increasing 
its longevity. The vibration suppression is achieved by generating the actuation sig- 
nal 180° out of phase with the disturbance signal. Results were found by running the 
system first without the controller and then with the controller to show the control 
effect. The experimental results of the FOS and POF controller evaluations, i.e., the 
excitation signal, control signal, OL and CL sinusoidal responses with the MROF 
gains are shown in Figs. 6.11 and 6.12 for POF and FOS respectively. 
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Fig. 6.10. FOS f/b controller SIMULINK implementation diagram in real time 



6.4.3 Procedural Rules for Observing the OL/CL Responses in the 
Experiment 

The following 17 rules gives a small idea about how the experimental investigation 
is to be carried out for the AVC of an flexible beam using the dSPACE card. 

(a) Start Matlab, Simulink and dSPACE control desk. 

(b) Build the FOS or POF controller in simulink environment with properly initial- 
izing the parameters for the experimental evaluation. 

(c) Make the connection set up for the experiment as shown in the Fig. 6.6. 

(d) To start with, the control signal to the control actuator is in OFF condition. 

(e) Prepare the experiment in the control desk. 

(f) Connect some data acquisition instruments such as plotters to observe the wave- 
forms in the control desk and initialize the platform (refresh). 
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POF (OL response - without control and CL response - with control) 





Fig. 6.11. Experimental results of POF control : OL (uncontrolled), CL sinusoidal 
response (controlled) and control effort at first natural frequency 



FOS (OL response - without and CL response - with control) 





Fig. 6.12. Experimental results of FOS f/b control : OL (uncontrolled), CL sinu- 
soidal response (controlled) and control effort at first natural frequency 
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(g) Excite the beam from the signal generator with the first mode natural frequency 
via the piezo actuation system. 

(h) Build and download the model using the RTW. 

(i) If the simulink model is properly designed, the C-codes will be properly down- 
loaded and will be running on the processor and dSPACE configuration says 
okay, else debug the control algorithm till the errors are rectified. 

(j) Once the code is running on the controller card, connect the variables you want 
to capture in the control desk such as the sensor output and the control signal. 
Select the edit capture settings context menu command of the data acquisition 
instruments to show the capture settings window and clear the auto repeat 
checkbox. This ensures that the captured data is not overwritten after the plot 
is complete. 

(k) Start the control desk’s animation mode. 

(l) Switch the simstate to RUN and the data will be traced from the first sampling 
step. 

(m) Observe the plant output, i.e. , the sensor output on the control desk. This gives 
the OL response of the beam (control off). 

(n) Switch on the controller, say after a certain time and immediately, the transverse 
vibrations of the beam will be reduced, i.e., the amplitude of the OL response 
gets drastically reduced, which is the CL response of the beam (with control). 
This can be seen on the control desk as well as physically with the beam. 

(o) The OL data and the CL response data can be stored in the form of a .mat 
file format in the capture settings window and used for post-processing of the 
experimental data, to study the behavioral dynamics and for plotting purposes. 

(p) Control desk of dSPACE is used to capture data and the relevant screen shots. 
The main trick is to begin the capture of the data points from t = 0.0 secs. This 
is done by initializing the simstate with RUN, so that the simulation is started 
immediately after the download. 

(q) Once the experiment is over, proceed in the reverse before shutting off the entire 
experimental setup. 



6.5 Conclusions 

Experimental evaluation of the AVC suppression of flexible aluminum beam using 
piezos as surface mounted sensors and actuators at the root and disturbing actuator 
at the free end using dSPACE 1104 PPC hardware control system is presented in this 
Chapter. Two control laws were implemented and experimentally evaluated. POF 
and FOS controllers were also designed off-line starting from first principles and the 
results obtained were the same as obtained from the identified state space model 
and later evaluated from the experiments. The first mode frequency derived from 
the analytical means was also experimentally verified which was approximately the 
same. The experimental results of the smart structure demonstrates very good closed 
loop resemblance with the simulation results and thus exhibits the simplicity of the 
MROF controllers in real-time implementations and their control effectiveness. 

From the experimental results, it was observed that the vibration reduction was 
approximately 85 % with the introduction of the FOS controller and 75 % with the 
POF controller during the resonance conditions. It was observed that the MROF 
gain plays a very important role in the reduction of the amplitude of vibrations. Due 
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to the location of only one sensor, all the modes could not be detected simultaneously 
and only the first mode was picked up by the sensor and controlled. Finally, to 
conclude, it can be inferred that FOS control is better than POF control, because 
the control effort to curb down the vibrations is less as the sensor output is sampled 
at a faster rate than the control input and hence the vibrations are suppressed to 
a larger extent than POF control. The simulation results was found to be in close 
match with the experimental results. 




A 



Appendix 



(I). Mass and Stiffness Matrices for the Embedded Beam: 

The stiffness matrix coefficients for [A' 6 ] the sandwich beam element is obtained 
using the Eq. (2.218) as [30], [42], [43] [44] 

Adi = , A'12 = Adi = , Ads = Adi = 0, 

lb lb 



A'i4 = Adi 



A Aii 

h 



I< is = Adi 



A Bn 
lb 



Ade = Adi = 0, Ad4 = Ad2 



AB n 
lb 



K 34 = Ads = 0, 



1 Alb(Dnll — IOB117Z 2 + 60^.55/5 + 60j; 2 dnA + I2O7B117) 

10 (127 - W 



A'23 = A32 



6 A Dull + lOAssll + IO7 2 l 2 b An - 20 l 2 b D llV + 120Dn7? 2 
5 lb (12 7-Zg) 2 



r , „ 64 Dull + 10A 55 l 2 b + 10~/ 2 l 2 b An - 2Ql 2 b DuV + I2OD117 2 

k 25 = k 52 = --- (12 v -i 2 y 



1 Alb(— Dnl b — IOB117Z 2 — 6OM55 Zb — 60r] 2 Anlb + I2O7B1177) 

a 26 = a 62 = ^ (127-^2 



A (2 Zj[ D u - 30 It Dnv + 180 Zg A>n rf - 15 ll 7 Bn + 2160 d 55 t? 2 
+ 60 d 55 l b — 360 ^55 Z 2 + 180 yl b Bn V + 45 7 2 i^4n) 



Ads = 



15 h (12 7 - Z 2 ) 2 





